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Outline
• What are PDFs and why are they important?

• How we do fit them?

• A PDF fit at approximate N3LO order: MSHT20aN3LO.

Figure 34: General forms of NNLO (top) and aN3LO (bottom) PDFs at low (left) and high (right)
Q

2. Several main features can be compared and contrasted such as the marked increase in the gluon
and charm at small-x (note the di↵erence in y-axis scale between NNLO (top) and aN3LO (bottom)).
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What are PDFs and how do we extract 
them?



The LHC: a proton-proton collider

• The LHC works by colliding proton beams head on at high energy.

• We examine the debris of these interactions in order to probe the Higgs 
sector, look for physics beyond the Standard Model (SM) and to 
understand the SM better.

• Before doing any of that that: we need to understand what we are 
colliding: the proton.
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An LHC collision

• How do we model an LHC collision? 
Proton is composite - collision involves 
quarks/gluons:
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• The `parton model’ - proton-proton cross section is convolution of 
parton-level cross section and Parton Distribution Functions (PDFs)

�(pp ! h+X) ⇠ �(gg ! h)⌦ g(x1, Q
2)⌦ g(x2, Q

2) ,

f(x)⌦ g(x) ⇠
Z

dyf(x)g(x/y) ,



Parton Distribution Functions

�(pp ! h+X) ⇠ �(gg ! h)⌦ g(x1, Q
2)⌦ g(x2, Q

2) ,

PDF for gluon
      -  proton longitudinal momentum fraction.

      - factorization scale ~ energy of quark/gluon 
collision ~ inverse of resolution length.

• Cross section given in terms of:

parton-level cross section.                           perturbative 
expansion in       :

�(gg ! h) = ↵S(mh)
2(�0 + ↵S(mh)�1 + · · · )

• At lowest order PDF is probability of finding gluon in the proton carrying 
momentum fraction    .

↵S(mh) ⌧ 1 )
↵S

x

Q

x

�(gg ! h) :

g(x,Q2) :
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DGLAP
• Quark/gluons like to radiate      PDFs depend on resolution scale. Formally, 
factorization in QCD requires introduction of a scale     µF

• Requiring that cross section is independent of this to calculated order in      
gives DGLAP evolution equation, e.g.

�lp ⇠ �lq(µF )⌦ q(x, µF )

d�lp

dµF
= 0 + higher orders ! @q(x, µ)

@µ
= Pqq ⌦ q(x, µ) + Pqg ⌦ g(x, µ)

)
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↵S

<latexit sha1_base64="1ByzxUxrPfHM63lw3eFyJMDop00="></latexit>

@g(x, µ)

@µ
= Pgq ⌦ q(x, µ) + Pgg ⌦ g(x, µ)Similarly for gluon:



Figure 34: General forms of NNLO (top) and aN3LO (bottom) PDFs at low (left) and high (right)
Q

2. Several main features can be compared and contrasted such as the marked increase in the gluon
and charm at small-x (note the di↵erence in y-axis scale between NNLO (top) and aN3LO (bottom)).
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• DGLAP      PDFs at lower scale determine PDFs at higher scales. Thus fits 
parameterise at low scale       and fit to a range of energies.

)
Q0

Q2 = 10GeV2
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• Basic impact of DGLAP simple: higher             more            at low    , 
less at high    , due to radiation (                                           ).
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• Splitting functions        encode             QCD splitting 
probability. Can calculate order by order in pQCD.
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Figure 34: General forms of NNLO (top) and aN3LO (bottom) PDFs at low (left) and high (right)
Q

2. Several main features can be compared and contrasted such as the marked increase in the gluon
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Extracting PDFs
• Binding of quark/gluons in proton due to low-
energy QCD      cannot use perturbation theory.

9. Quantum chromodynamics 39

They are well within the uncertainty of the overall world average quoted above. Note,
however, that the average excluding the lattice result is no longer as close to the value
obtained from lattice alone as was the case in the 2013 Review, but is now smaller by
almost one standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each of the sub-fields
summarised in this Review, the wealth of available results provides a rather precise and
reasonably stable world average value of αs(M2

Z), as well as a clear signature and proof of
the energy dependence of αs, in full agreement with the QCD prediction of Asymptotic
Freedom. This is demonstrated in Fig. 9.3, where results of αs(Q2) obtained at discrete
energy scales Q, now also including those based just on NLO QCD, are summarized.
Thanks to the results from the Tevatron and from the LHC, the energy scales at which
αs is determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  

0.1

0.2

0.3

αs (Q2)

1 10 100Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2016

τ decays (N3LO)

1000

 (NLO
pp –> tt (NNLO)

)(–)

Figure 9.3: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).

♦ We note, however, that in many such studies, like those based on exclusive states of
jet multiplicities, the relevant energy scale of the measurement is not uniquely defined.
For instance, in studies of the ratio of 3- to 2-jet cross sections at the LHC, the relevant
scale was taken to be the average of the transverse momenta of the two leading jets [434],
but could alternatively have been chosen to be the transverse momentum of the 3rd jet.

June 5, 2018 19:47

Factorization ) qDIS(x,Q
2) ⌘ qDY (x,Q

2)

• However PDFs are universal: same quark (antiquark) PDFs enter DIS 
and Drell-Yan cross sections.

! Fit PDFs to one dataset (e.g. DIS) and use to make prediction for 
another (e.g. DY).

)
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DIS: DY:



PDF Fits
• For LHC (and elsewhere) aim to constrain PDFs to high precision for all 
flavours (           …) over a wide    region.q, q, g x

10

Figure 34: General forms of NNLO (top) and aN3LO (bottom) PDFs at low (left) and high (right)
Q

2. Several main features can be compared and contrasted such as the marked increase in the gluon
and charm at small-x (note the di↵erence in y-axis scale between NNLO (top) and aN3LO (bottom)).
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• Only so much can be done with DIS       MSHT collaboration performs 
global PDF fits to wide range of data.

)

• One of three major global fitters (CT, MSHT, NNPDF).



PDF Fits: Work Flow

fi(x,Q0) :
<latexit sha1_base64="/WEb/hNxcGBm/sBR97pslYevdvU=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfK2Kbly2YB+QhjCZTtqhk5kwMxFL6Ge4caGIW7/GnX/jJA2i1gMXDufcy733+BGjStv2p7WwuLS8slpYK65vbG5tl3Z2O0rEEpM2FkzIno8UYZSTtqaakV4kCQp9Rrr++Cb1u/dEKir4nZ5ExA3RkNOAYqSN5AQerTwctzz76Morle2qnQHOk1pOyiBH0yt99AcCxyHhGjOklFOzI+0mSGqKGZkW+7EiEcJjNCSOoRyFRLlJdvIUHhplAAMhTXENM/XnRIJCpSahbzpDpEfqr5eK/3lOrIMLN6E8ijXheLYoiBnUAqb/wwGVBGs2MQRhSc2tEI+QRFiblIpZCJcpzr5fniedk2qtXq23TsuN6zyOAtgHB6ACauAcNMAtaII2wECAR/AMXixtPVmv1tusdcHKZ/bAL1jvX7V6kFw=</latexit>

We emphasise that the above discussion only corresponds to quite general expectations (as opposed to
direct QCD predictions), which do not for example account for the scale dependence of the PDFs. Thus
while the high and low x form of Eq. (71) is usually adopted, in modern fits the values of the powers
themselves are more generally left free where there is su�cient data to constrain them.

The I f (x) in Eq. (71) is the interpolating function, which determines the behaviour of the PDFs away
from the x ! 0 and 1 limits, where it tends to a constant value. This is assumed to be a smoothly varying
function of x, for which a variety of choices have been made in the literature. The simplest ansatz, which
has been very widely used, is to take a basic polynomial form in x (or

p
x), such as

I f (x) = 1 + c f
p

x + d f x + ... . (72)

Forms of this type are for example taken by the CJ and HERAPDF groups as well as in the MSTW08
analysis. A similar approach, but where the polynomial enters as the exponent of a power of x or a simple
exponential function, are taken by ABM and earlier CT sets, respectively.

Such a choice is appropriate for a relatively small number of parameters, say only two or three in
addition to a f and b f . However, as the precision and amount of the data included in the fit increases, it
becomes essential to allow for an increasingly flexible parameterisation. As discussed in [420], simply
adding more parameters to (72) can quickly run into the issue that large coe�cients appear, with large
cancellations between the terms. This leads to an unstable �2 minimisation and implausibly large variations
in x in certain regions. This issue may be solved by instead expanding the interpolating function in terms of
a basis of suitably chosen functions with the generic form

I f (x) =
nX

i=1

↵ f ,iPi(y(x)) , (73)

where y(x) is some simple function of x. Two possible choices for the functions Pi are Chebyshev and
Bernstein polynomials, which are used in the MMHT14 and CT14 sets, respectively. These are taken
because each order of the polynomials is strongly peaked at di↵erent values of y, and hence x, significantly
reducing the degree of correlation between the terms. In addition, as the order is increased these tend to
probe smaller scale variations in x, so that the smoothness requirement for I(x) naturally leads to smaller
coe�cients ↵ at higher i. Thus, while formally equivalent to the simple polynomial expansion in Eq. (72),
these are much more convenient for fitting as the number of free parameters n is increased.

An alternative approach is taken by the NNPDF group. Here, the interpolating function is modelled
with a multi–layer feed forward neural network (also known as a perceptron), see Sect. 5.3 for more details.
In practice, this allows for a greatly increased number of free parameters, with the latest default fit having 37
per PDF, that is around an order of magnitude higher than other sets. The form of Eq. (71) is still assumed,
but these are pre–processing factors that speed up the minimisation procedure and which do not in principle
have to be explicitly included. Nonetheless, the study of [419] has shown that the NNPDF fit does exhibit
high and low x behaviour that is consistent with Eq. (71), providing further support for such an assumption
in the choice of input PDF parametrization.

59

Figure 27: Comparison of the timings per data point between the original APPLgrid computation of hadronic cross-
sections, Eq. (68), with the same calculation based on the APFELgrid combination, Eq. (70), for a variety of LHC
datasets [62]. We find that the improvement in computational speed is between a factor 102 and a factor 103 depending
on the specific process.

4.1. PDF parametrization
We start by discussing di↵erent aspects related to the parameterization of the PDFs at the input scale

Q0, namely the choice of functional form, the theoretical constraints from the momentum and valence sum
rules and PDF positivity, and the various quark flavour assumptions used in PDF fits.

4.1.1. Choice of functional form
In order to extract the PDFs, a particular choice for their parameterisation in x at some input scale Q0

must be assumed, which can then be fit to the available data. As described in Sect. 2.4, given the PDFs at
some reference scale Q0, the DGLAP evolution equations can be used to determine the PDFs at any other
scale Q. Thus the PDFs are typically parameterised at a low scale Q2

0 ⇠ 1 � 2 GeV2, which can then be
evolved up to the scale relevant to e.g. LHC phenomenology. These parametrizations usually adopt the
generic form

x f (x,Q2
0) = A f xa f (1 � x)b f I f (x) . (71)

The (1 � x)b f term, with b f > 0, ensures that the PDFs vanish in the elastic x ! 1 limit, as we would
expect on basic physical grounds. Such a form is also expected from the quark counting rules [418] (see
also the discussion on [419]). There, in this elastic limit all the momentum is carried by the struck parton
and the remaining ns quark become spectators. An analysis of the scaling behaviour for elastic scattering
then predicts b f = 2ns � 1, that is b f = 3, 5 and 7 for the valence, sea and gluon PDFs, respectively.

The xa f form dominates at low x; in this region, the PDFs may be related to the high energy parton–
proton scattering amplitudes, which can be calculated using the tools of Regge theory. This scenario predicts
such a simple power–like form, with the precise value of the power a f being related to the leading Regge
trajectory that is exchanged; for non–singlet distributions (e.g. the valence quarks) this predicts a f ⇠ 0.5
and for singlet distributions (e.g. the gluon and the sea) this predicts a f ⇠ 0.
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in terms of the following set of basis functions for quark and antiquark PDFs:

Σ(x,Q2
0) =

(

u+ ū+ d+ d̄+ s+ s̄
)

(x,Q2
0)

T3(x,Q
2
0) =

(

u+ ū− d− d̄
)

(x,Q2
0)

V (x,Q2
0) =

(

u− ū+ d− d̄+ s− s̄
)

(x,Q2
0)

∆S(x,Q
2
0) =

(

d̄− ū
)

(x,Q2
0) (7)

s+(x,Q2
0) = (s+ s̄) (x,Q2

0)

s−(x,Q2
0) = (s− s̄) (x,Q2

0) ,

and then the gluon PDF g(x,Q2
0). This basis was chosen because it directly relates physical ob-

servables to PDFs, by making the leading order expression of some physical observables in terms
of the basis functions particularly simple: for example, T3 is directly related to the difference in
proton and deuteron deep-inelastic structure functions F p

2 − F d
2 , and ∆S is simply expressed in

terms of Drell-Yan production in proton-proton and proton-deuteron collisions, for which there
is data for example from the E866 experiment.

With the widening of the experimental dataset in NNPDF3.0, there is little reason to favor
any particular PDF combination based on data, and thus we prefer to choose the basis that
diagonalizes the DGLAP evolution equations. We emphasize that the only purpose of such
choices is to speed up the minimization while leaving results unaffected: independence of our
results of this basis change will be checked explicitly in Sects. 4.5.3 and 5 below. The default
basis in the NNPDF3.0 fits is thus

Σ(x,Q2
0) =

(

u+ ū+ d+ d̄+ s+ s̄
)

(x,Q2
0)

T3(x,Q
2
0) =

(

u+ ū− d− d̄
)

(x,Q2
0)

T8(x,Q
2
0) =

(

u+ ū+ d+ d̄− 2s− 2s̄
)

(x,Q2
0) (8)

V (x,Q2
0) =

(

u− ū+ d− d̄+ s− s̄
)

(x,Q2
0)

V3(x,Q
2
0) =

(

u− ū− d+ d̄
)

(x,Q2
0)

V8(x,Q
2
0) =

(

u− ū+ d− d̄− 2s+ 2s̄
)

(x,Q2
0),

and of course the gluon. Here, as in previous NNPDF fits, we do not introduce an independent
parametrization for the charm and anticharm PDFs (intrinsic charm). However we do plan to
do it in the near future.

As in all previous NNPDF fits, each basis PDF at the reference scale is parametrized in terms
of a neural network (specifically a multi-layer feed-forward perceptron) times a preprocessing
factor:

fi(x,Q0) = Aif̂i(x,Q0); f̂i(x,Q0) = x−αi(1− x)βi NNi(x) (9)

where Ai is an overall normalization constant, and fi and f̂i denote the normalized and un-
normalized PDF respectively. The preprocessing term x−αi(1−x)βi is simply there to speed up
the minimization, without biasing the fit. We now discuss the overall normalizations Ai, while
the preprocessing will be addressed in Sect. 3.2.2 below.

Out of the seven normalization constants, Ai in Eq. (9), three can be constrained by the
valence sum rules (for up, down and strange quarks) and another by the momentum sum rule.
Which particular combinations depends of course of the choice of basis. With the default

28

Parameterise PDFs 
at low scale Q0

<latexit sha1_base64="Ym2/5j5Zve8m0eilrMX6fZGUePo=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOwKbly2aB/QhjKZTtqhk0mYmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57/JgzpR3n0yqtrK6tb5Q3K1vbO7t79v5BR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+9Cbzuw9UKhaJez2LqRfisWABI1gb6a41dIZ21ak5OdAycQtShQLNof0xGEUkCanQhGOl+q4Tay/FUjPC6bwySBSNMZniMe0bKnBIlZfmp87RiVFGKIikKaFRrv6cSHGo1Cz0TWeI9UT99TLxP6+f6ODKS5mIE00FWSwKEo50hLK/0YhJSjSfGYKJZOZWRCZYYqJNOpU8hOsMF98vL5POWc2t1+qt82qjUcRRhiM4hlNw4RIacAtNaAOBMTzCM7xY3HqyXq23RWvJKmYO4Res9y/m4Y2t</latexit>

⇥<latexit sha1_base64="UGtMoVKq1BiAIowyIDkiqc7FP+0=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErePFYwdZCG8pmu2nXbnbD7kYoof/BiwdFvPp/vPlv3KRB1Ppg4PHeDDPzgpgzbVz30yktLa+srpXXKxubW9s71d29jpaJIrRNJJeqG2BNORO0bZjhtBsriqOA07tgcpX5dw9UaSbFrZnG1I/wSLCQEWys1OkbFlE9qNbcupsDLRKvIDUo0BpUP/pDSZKICkM41rrnubHxU6wMI5zOKv1E0xiTCR7RnqUC2yV+ml87Q0dWGaJQKlvCoFz9OZHiSOtpFNjOCJux/utl4n9eLzHhhZ8yESeGCjJfFCYcGYmy19GQKUoMn1qCiWL2VkTGWGFibECVPITLDGffLy+Szknda9QbN6e1ZrOIowwHcAjH4ME5NOEaWtAGAvfwCM/w4kjnyXl13uatJaeY2YdfcN6/AM5Zj2k=</latexit>

CT, MSHT…

NNPDF

Select data & theory

Perform fit

Output PDFs f(x, µ)±�(x, µ)
<latexit sha1_base64="NNjtoD1cBAn7Z0TtxSswbwcv8V0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpTEio9dQRcuK9gHNKFMppN26MwkzEzEEgpu/BU3LhRx60+4829M0iBqPXDhcM693HuPFzKqtGV9GoW5+YXFpeJyaWV1bX3D3NxqqSCSmDRxwALZ8ZAijArS1FQz0gklQdxjpO2NLlK/fUukooG40eOQuBwNBPUpRjqReuaOX7k7dHh0AJ2QQ+eSMI1ypWeWraqVAc4SOydlkKPRMz+cfoAjToTGDCnVta1QuzGSmmJGJiUnUiREeIQGpJtQgThRbpz9MIH7idKHfiCTEhpm6s+JGHGlxtxLOjnSQ/XXS8X/vG6k/TM3piKMNBF4usiPGNQBTAOBfSoJ1mycEIQlTW6FeIgkwjqJrZSFcJ7i5PvlWdI6qtq1au36uFyv53EUwS7YAxVgg1NQB1egAZoAg3vwCJ7Bi/FgPBmvxtu0tWDkM9vgF4z3L7thlm8=</latexit>

f(x,Q0) ! f(x, µdata)
<latexit sha1_base64="8Hb2qpI5p0KoZQ9OXxqERnSrX8s=">AAACCXicbVBLSwMxGMzWV62vqkcvwSK0IGXXio9bwYvHFuwDumXJZrNtaJJdkqxYll69+Fe8eFDEq//Am//GdFtErQOBycz3kcz4MaNK2/anlVtaXlldy68XNja3tneKu3ttFSUSkxaOWCS7PlKEUUFammpGurEkiPuMdPzR1dTv3BKpaCRu9DgmfY4GgoYUI20krwjD8t1x07Mr0NVRdnF54qWu5DBAGk0qXrFkV+0McJE4c1ICczS84ocbRDjhRGjMkFI9x451P0VSU8zIpOAmisQIj9CA9AwViBPVT7MkE3hklACGkTRHaJipPzdSxJUac99McqSH6q83Ff/zeokOL/opFXGiicCzh8KEQRN6WgsMqCRYs7EhCEtq/grxEEmEtSmvkJVwOcXZd+RF0j6pOrVqrXlaqtfndeTBATgEZeCAc1AH16ABWgCDe/AInsGL9WA9Wa/W22w0Z8139sEvWO9f8rWYvw==</latexit>

DGLAP:

11

family of fits, no positivity constraints are imposed at the PDF level (except of course at the LO case), but
during the fit the strict positivity of a range of physical cross sections is imposed by means of a Lagrange
multiplier. Specifically, in the NNPDF3 sets the positivity of the following cross sections is imposed at
Q2 = 5 GeV2: Fu

2,Fd
2 , Fs

2, FL, �uū
DY, �dd̄

DY, and �ss̄
DY. Note that in general in this approach the positivity

constraint applies to all conceivable cross sections, including for instance those that involve hypothetical
new particles, and is not restricted to the actual cross sections that are accessible experimentally.

4.2. Fit quality and minimization strategies
In this section we discuss how the quality of the agreement between experimental data and theoretical

predictions can be quantified within a PDF fit, and the associated issue of the minimization strategy adopted
to find the optimal set of PDF parameters starting from a figure of merit, �2.

4.2.1. Fit quality and �2 definition
The quality of the agreement between experimental measurements and the corresponding theoretical

predictions within a global fit is usually expressed in terms of the log–likelihood function, or �2. When the
correlations between the experimental systematic errors are not available, the �2 as a function of the PDF
parameters is given by

�2({a}) =
NptX

k=1

1
�2

k

(Dk � Tk({a}))2 , (83)

where Npt is number of data points, and �k are the total experimental errors, given by adding the statistical
and systematic errors in quadrature. In this expression, Tk({a}) are theoretical predictions, expressed in
terms of the PDF parameters {a}, and Dk are the central values of the experimental measurement.

Modern experiments provide correlated sources of the various systematic uncertainties, in addition to
the statistical and uncorrelated systematics. The simplest example is the luminosity error in collider exper-
iments, which is fully correlated among all the bins from the same dataset. Typically, there are many other
sources that are introduced in the process of any given analysis. In such cases, the �2 has the following
form [117]

�2({a}, {�}) =
NptX

k=1

1
s2

k

0
BBBBBB@Dk � Tk �

N�X

↵=1

�k,↵�↵

1
CCCCCCA

2

+

N�X

↵=1

�2
↵ , (84)

for N� sources of correlated error. Here, sk represents the total uncorrelated error, which is constructed by
adding the statistical and uncorrelated systematic errors in quadrature. Each source of correlated systematic
error is described by a nuisance parameter �↵, with the error �i,↵ correlated among all data points. Thus
the induced systematic shift to the experimental measurement is

P
↵ �k,↵�↵. The second sum on the right

hand side of Eq. (84) includes the penalty terms to the �2, assuming standard Gaussian distributions for the
nuisance parameters.

In global PDF analyses we are more interested in the PDF parameters than the specific values that these
nuisance parameters take. Therefore, for any given set {a} we can first minimise the �2 with respect to the
nuisance parameters �↵ to give the profiled log–likelihood function �2({a}) ⌘ �2({a}, {�̂}). While naı̈vely
we might worry that this would be a computationally intensive exercise, the simple quadratic dependence
of the �2 on the �↵ allows the profiled nuisance parameter �̂↵ to be solved for analytically, assuming purely
Gaussian errors. Explicitly, we have

�̂↵ =

NptX

i=1

(Di � Ti)
si

N�X

�=1

A�1
↵�

�i,�

si
, (85)
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Fig. 1.1: Feynman diagrams for the process e+e− → qq̄g

e+(p+) → qa(p1) + q̄b(p2) + gA(p3). For the matrix element we obtain

iM = v̄(p+)(ie)γ
µu(p−) i

−gµν
s

ε∗λA (1.63)

ūa(p1)

{

(−igs)t
A
abγ

λ #p1 + #p3
(p1 + p3)2

(−ieeq)γ
ν + (−ieeq)γ

ν −#p2 − #p3
(p2 + p3)2

(−igs)t
A
abγ

λ

}

vb(p2).

We will evaluate the cross section from this matrix element later. Here we are interested in the colour
algebra. Using the fact that the spin sum of a massless vector particle is proportional to the colour identity
matrix,

∑

spin

ε∗µA ε
ν
B = −gµνδAB, (1.64)

we obtain
∑

|M|2 ∝
∑

a,b,A

tAab
(

tAab
)∗

=
∑

a,b,A

tAabt
A
ba =

∑

A

Tr(tAtA) = CFTr(1) = CFNc, (1.65)

where the first step uses the fact that tA are hermitian, the second is simply a trivial rewrite, switching to
matrix notation, the third uses Eq. (1.40) and the fourth uses the fact that the matrix being traced is the
identity matrix of the fundamental representation, i.e. the Nc × Nc identity matrix. Note that since the
colour factor of the lowest order process is Nc, we can associate CF with the emission of the additional
gluon. Since the emission probability of a gluon from a quark is proportional to CF , and we will later
see that that from a gluon is proportional to CA, CF and CA are sometimes referred to as the squares of
the colour charges of the quark and gluon respectively.

Performing the trace Dirac algebra on the matrix element, we finally obtain

∑

|M|2 =
16CFNce4e2qg

2
s

s p1 ·p3 p2 ·p3
(

(p1 ·p+)2 + (p2 ·p+)2 + (p1 ·p−)2 + (p2 ·p−)2
)

. (1.66)

(Note the misprint in ESW [1] — their result is a factor of 4 too large.)

1.8 The coupling constant αS and renormalization
As we mentioned above, in practical calculations, αS is usually used rather than gs. Besides the quark
masses, which we will neglect in most of this course, gs is the only parameter in the QCD Lagrangian
and therefore assumes a central role in our study of QCD. However, it is not a priori clear that parameters
in the Lagrangian are physically observable quantities — any physical observable can be calculated as a
function of them (at least in perturbation theory) and their values can be extracted from measured values
of physical observables, but they are not necessarily themselves physical. It is worthwhile therefore
to consider whether we can reformulate our theory in such a way that one physical observable can be
written as a function of another. This reformulation is known as renormalization.

8
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Global Fits: Datasets
Process Subprocess Partons x range

Fixed Target

`± {p, n}! `± + X �⇤q! q q, q̄, g x & 0.01
`± n/p! `± + X �⇤ d/u! d/u d/u x & 0.01
pp! µ+µ� + X uū, dd̄ ! �⇤ q̄ 0.015 . x . 0.35
pn/pp! µ+µ� + X (ud̄)/(uū)! �⇤ d̄/ū 0.015 . x . 0.35
⌫(⌫̄) N ! µ�(µ+) + X W⇤q! q0 q, q̄ 0.01 . x . 0.5
⌫N ! µ�µ+ + X W⇤s! c s 0.01 . x . 0.2
⌫̄N ! µ+µ� + X W⇤ s̄! c̄ s̄ 0.01 . x . 0.2

Collider DIS

e± p! e± + X �⇤q! q g, q, q̄ 0.0001 . x . 0.1
e+ p! ⌫̄ + X W+ {d, s}! {u, c} d, s x & 0.01
e±p! e± cc̄ + X �⇤c! c, �⇤g! cc̄ c, g 10�4 . x . 0.01
e±p! e± bb̄ + X �⇤b! b, �⇤g! bb̄ b, g 10�4 . x . 0.01
e±p! jet + X �⇤g! qq̄ g 0.01 . x . 0.1

Tevatron

pp̄! jet + X gg, qg, qq! 2 j g, q 0.01 . x . 0.5
pp̄! (W± ! `±⌫) + X ud ! W+, ūd̄ ! W� u, d, ū, d̄ x & 0.05
pp̄! (Z ! `+`�) + X uu, dd ! Z u, d x & 0.05
pp̄! tt̄ + X qq! tt q x & 0.1

LHC

pp! jet + X gg, qg, qq̄! 2 j g, q 0.001 . x . 0.5
pp! (W± ! `±⌫) + X ud̄ ! W+, dū! W� u, d, ū, d̄, g x & 10�3

pp! (Z ! `+`�) + X qq̄! Z q, q̄, g x & 10�3

pp! (Z ! `+`�) + X, p? gq(q̄)! Zq(q̄) g, q, q̄ x & 0.01
pp! (�⇤ ! `+`�) + X, Low mass qq̄! �⇤ q, q̄, g x & 10�4

pp! (�⇤ ! `+`�) + X, High mass qq̄! �⇤ q̄ x & 0.1
pp! W+c̄,W�c sg! W+c, s̄g! W�c̄ s, s̄ x ⇠ 0.01
pp! tt̄ + X gg! tt g x & 0.01
pp! D, B + X gg! cc̄, bb̄ g x & 10�6, 10�5

pp! J/ ,⌥ + pp �⇤(gg)! cc̄, bb̄ g x & 10�6, 10�5

pp! � + X gq(q̄)! �q(q̄) g x & 0.005

Table 1: Overview of the various hard–scattering processes which are used to constrain PDFs in a global analysis. In each case
we indicate the hadron–level process and the corresponding dominant parton–level process, as well as the partons which are
constrained by each specific process in a given range of x. This table is an extended version of Table 1 of [124]. The x ranges are
merely indicative and based on approximate leading–order kinematics.

For the NC DIS structure functions F2 and F3, as defined in (4), the quark parton model expressions are
given by

h
F�

2 , F
�Z
2 , F

Z
2

i
= x

n fX

i=1

h
e2

i , 2eigi
V , (g

i
V )2 + (gi

A)2
i

(qi + q̄i) , (32)

h
F�

3 , F
�Z
3 , F

Z
3

i
= x

n fX

i=1

h
0, 2eigi

A, 2gi
Vgi

A

i
(qi � q̄i) , (33)

while the longitudinal structure function vanishes in this model, FL = 0, and the superscripts on the LHS
indicate the gauge boson which is being interchanged, as well as the contribution from the �Z interference
term. ei is the electric charge of the quark of flavour i and the weak couplings are given by gi

V = ±
1
2 �

20

12

Figure 5: Left plot: D meson production in CC neutrino-induced DIS. This is known as the ‘dimuon’ process, since
events are tagged when the D meson decays semi–leptonically, with the pair of oppositely–charged muons providing
a clean signature. Right plot: charm production in neutral current DIS at leading order proceeds via the photon–gluon
fusion process, highlighting its sensitivity to the gluon PDF.

This HERA legacy combination of DIS inclusive structure functions supersedes all previous inclusive
measurements from H1 and ZEUS, including the Run I combined dataset [129] as well as the separate mea-
surements by the two experiments from Run II [199–202]. The impact of replacing these individual datasets
by the final HERA combination of inclusive structure functions has been studied by di↵erent groups [203–
205], and is found to be quite moderate in general. We also note that previous measurements of the longitu-
dinal structure function FL by the H1 and ZEUS collaborations [200, 206, 207] are now superseded by the
final inclusive HERA combination.

Theoretical calculations and tools
The coe�cient functions of the DIS structure functions in the NC case are available up to O

⇣
↵3

s

⌘
in the

massless limit [208, 209], and up to O
⇣
↵2

s

⌘
taking into account heavy quark mass e↵ects [155, 156], though

there has been considerable recent progress towards the completion of theO
⇣
↵3

s

⌘
calculation of massive DIS

structure functions [210, 211], in particular of the terms that dominate in the Q2
� m2 limit. For charged

current structure functions, massless coe�cients are available up toO
⇣
↵3

s

⌘
and massive coe�cient functions

up to O
⇣
↵2

s

⌘
[157]. For heavy–quark initiated processes, massive coe�cient functions are available only up

to O (↵s) [212].
These coe�cient functions have been implemented in a number of private and public codes, which al-

low the e�cient calculation of DIS structure functions using state–of-the–art theoretical information, such
as QCDNUM [60], APFEL [58],3 and OpenQCDrad [214]. The lengthy exact expressions for the NNLO DIS
coe�cient functions are also available in the form of more compact interpolated expressions, which reduce
the computational burden of their evaluation and allows for e�cient evaluation of DIS cross sections. More-
over, DIS structure functions can be evaluated either in terms of the heavy quark pole mass or in terms of
the running MS mass, as discussed in [214]. This statement is valid both in the FFNS as well as in any
GM–VFNS, see for instance the discussion of the FONLL case in [175].

3The APFEL program is currently being rewritten into C++ [213].
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Fit Quality
• Fits to wide range of data from different colliders/experiments. Is a good/
reliable fit possible from this? Yes!

Data set NLO NNLO
BCDMS µp F2 [49] 169.4/163 180.2/163
BCDMS µd F2 [49] 135.0/151 146.0/151
NMC µp F2 [50] 142.9/123 124.1/123
NMC µd F2 [50] 128.2/123 112.4/123
NMC µn/µp [51] 127.8/148 130.8/148
E665 µp F2 [52] 59.5/53 64.7/53
E665 µd F2 [52] 50.3/53 59.7/53
SLAC ep F2 [53, 54] 29.4/37 32.0/37
SLAC ed F2 [53, 54] 37.4/38 23.0/38
NMC/BCDMS/SLAC/HERA FL [49, 50, 54, 146–148] 79.4/57 68.4/57
E866/NuSea pp DY [149] 216.2/184 225.1/184
E866/NuSea pd/pp DY [150] 10.6/15 10.4/15
NuTeV ⌫N F2 [55] 43.7/53 38.3/53
CHORUS ⌫N F2 [56] 27.8/42 30.2/42
NuTeV ⌫N xF3 [55] 37.8/42 30.7/42
CHORUS ⌫N xF3 [56] 22.0/28 18.4/28
CCFR ⌫N ! µµX [57] 73.2/86 67.7/86
NuTeV ⌫N ! µµX [57] 41.0/84 58.4/84
HERA e

+
p CC [84] 54.3/39 52.0/39

HERA e
�
p CC [84] 80.4/42 70.2/42

HERA e
+
p NC 820 GeV [84] 91.6/75 89.8/75

HERA e
+
p NC 920 GeV [84] 553.9/402 512.7/402

HERA e
�
p NC 460 GeV [84] 253.3/209 248.3/209

HERA e
�
p NC 575 GeV [84] 268.1/259 263.0/259

HERA e
�
p NC 920 GeV [84] 252.3/159 244.4/159

HERA ep F
charm

2
[26] 125.6/79 132.3/79

DØ II pp̄ incl. jets [125] 117.2/110 120.2/110
CDF II pp̄ incl. jets [124] 70.4/76 60.4/76
CDF II W asym. [90] 19.1/13 19.0/13
DØ II W ! ⌫e asym. [151] 44.4/12 33.9/12
DØ II W ! ⌫µ asym. [152] 13.9/10 17.3/10
DØ II Z rap. [153] 15.9/28 16.4/28
CDF II Z rap. [154] 36.9/28 37.1/28
DØ W asym. [21] 13.1/14 12.0/14

Table 6: The values of �2/Npts. for the non-LHC data sets included in the global fit at NLO and NNLO.
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NLO NNLO

Data set Points NLO �
2
/Npts NNLO �

2
/Npts

DØ W asymmetry 14 0.94 (2.53) 0.86 (14.7)
�tt [93]- [94] 17 1.34 (1.39) 0.85 (0.87)

LHCb 7+8 TeV W + Z [95, 96] 67 1.71 (2.35) 1.48 (1.55)
LHCb 8 TeV Z ! ee [97] 17 2.29 (2.89) 1.54 (1.78)

CMS 8 TeV W [98] 22 1.05 (1.79) 0.58 (1.30)
CMS 7 TeV W + c [99] 10 0.82 (0.85) 0.86 (0.84)

ATLAS 7 TeV jets R = 0.6 [18] 140 1.62 (1.59) 1.59 (1.68)
ATLAS 7 TeV W + Z [20] 61 5.00 (7.62) 1.91 (5.58)

CMS 7 TeV jets R = 0.7 [100] 158 1.27 (1.32) 1.11 (1.17)
ATLAS 8 TeV Z pT [75] 104 2.26 (2.31) 1.81 (1.59)

CMS 8 TeV jets R = 0.7 [101] 174 1.64 (1.73) 1.50 (1.59)
ATLAS 8 TeV tt̄ ! l + j sd [102] 25 1.56 (1.50) 1.02 (1.15)
ATLAS 8 TeV tt̄ ! l

+
l
� sd [103] 5 0.94 (0.82) 0.68 (1.11)

ATLAS 8 TeV high-mass DY [73]s 48 1.79 (1.99) 1.18 (1.26)
ATLAS 8 TeV W

+
W

�+ jets [104] 30 1.13 (1.13) 0.60 (0.57)
CMS 8 TeV (d�t̄t/dpT,tdyt)/�t̄t [105] 15 2.19 (2.20) 1.50 (1.48)

ATLAS 8 TeV W
+
W

� [106] 22 3.85 (13.9) 2.61 (5.25)
CMS 2.76 TeV jets [107] 81 1.53 (1.59) 1.27 (1.39)
CMS 8 TeV �t̄t/dyt [108] 9 1.43 (1.02) 1.47 (2.14)

ATLAS 8 TeV double di↵erential Z [74] 59 2.67 (3.26) 1.45 (5.16)
Total, LHC data in MSHT20 1328 1.79 (2.18) 1.33 (1.77)

Total, non-LHC data in MSHT20 3035 1.13 (1.18) 1.10 (1.18)
Total, all data 4363 1.33 (1.48) 1.17 (1.36)

Table 2: �2/Npts at NLO and NNLO for the fit to the new LHC and Tevatron data included in the
MSHT20 fit. The corresponding fit qualities are also given for the total LHC and non-LHC data included
in MSHT20, as well as the overall fit across all data. In brackets are the predictions obtained using the
MMHT14 PDFs (also at ↵S(M2

Z
) = 0.118).

case of Drell-Yan data, in di↵erent mass bins. For these sets the improvement after refitting

is often considerable, and the prediction from the MMHT14 PDFs can be very poor. The

improvement with refitting for these data sets is mainly achieved by changes in the details of

the flavour content of the quarks and antiquarks. However, overall improvement also results

from changes in the gluon distribution and in the common shape of the quark distributions as

a function of x. In most cases the fit quality is clearly better at NNLO than at NLO, with

the data sensitive to the fine detail of the shape corrections in both the PDFs and the hard

cross sections at NNLO. It is clear from the totals for the LHC and non-LHC data, that the

description of the former is clearly improved from NLO to NNLO, whereas the latter improves

only marginally.

We now discuss individual data sets in turn.
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Why do we care about them at the LHC?



Higgs

2.2.1.1 Gluon fusion

In this section we document cross section predictions for a standard model Higgs boson produced through
gluon fusion in 27 TeV pp collisions. To derive predictions we include contributions based on pertur-
bative computations of scattering cross sections as studied in Ref. [47]. We include perturbative QCD
corrections through next-to-next-to-next-to-leading order (N3LO), electroweak (EW) and approximated
mixed QCD-electroweak corrections as well as effects of finite quark masses. The only modification
with respect to YR4 [45] is that we now include the exact N3LO heavy top effective theory cross section
of Ref. [48] instead of its previous approximation. The result of this modification is only a small change
in the central values and uncertainties. To derive theoretical uncertainties we follow the prescriptions
outlined in Ref. [47]. We use the following inputs:

ECM 27 TeV
mt(mt) 162.7 GeV
mb(mb) 4.18 GeV

mc(3 GeV) 0.986 GeV
↵S(mZ) 0.118

PDF PDF4LHC15_nnlo_100 [49]

(5)

All quark masses are treated in the MS scheme. To derive numerical predictions we use the program
iHixs [50].

Sources of uncertainty for the inclusive Higgs boson production cross section have been assessed
recently in refs. [47, 51, 52, 45]. Several sources of theoretical uncertainties were identified.
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Fig. 1: The figure shows the linear sum of the different sources of relative uncertainties as a function
of the collider energy. Each coloured band represents the size of one particular source of uncertainty as
described in the text. The component �(PDF+↵S) corresponds to the uncertainties due to our imprecise
knowledge of the strong coupling constant and of parton distribution functions combined in quadrature.

– Missing higher-order effects of QCD corrections beyond N3LO (�(scale)).
– Missing higher-order effects of electroweak and mixed QCD-electroweak corrections at and be-

yond O(↵S↵) (�(EW)).
– Effects due to finite quark masses neglected in QCD corrections beyond NLO (�(t,b,c) and �(1/mt)).
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• Major (ongoing) aim of LHC: pin down the 
Higgs sector as precisely as we can.

★ PDF uncertainty important 
limiting factor in this.

M. Cepeda et al., 1902.00134

★ Not just gg fusion: significant for 
VBF, associated production…

16

ggF (N3LO)

VBF (N2LO)
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PDF

!s
Scale

% theo. uncertainty

σ@13 TeV

48.6 pb

3.77 pb
+ NLO EW

+ NLO EW

THE ROLE OF PDF UNCERTAINTIES

PDF uncertainty 
significantly 
limitation to  
theory accuracy

M. Cepeda et al. [HL/HE WG2 group], arXiv:1902.00134

Higgs

ggF at future colliders

3



BSM

• High mass searches for new 
resonances/contact interactions - 
PDFs in high    region.

• PDF uncertainties larger here 
(less constraints). Though see 
later for more on that.

x
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Figure 71: Comparison of PDF luminosities in the large invariant mass MX region between MMHT14, ABMP16, CT14
and NNPDF3.1. From left to right and from top to bottom we show the results of the gluon–gluon, gluon–quark,
quark–anti–quark and quark–quark luminosities, normalized to the central value of MMHT14. In this comparison,
NNLO PDFs with ↵s(mZ) = 0.118 sets are used.

and gluons. As discussed in Sect. 6, PDF uncertainties are large in this region due to the limited amount of
experimental constraints.

In order to quantify the size of the PDF uncertainties in the large invariant mass region, as well as the
relative agreement between the PDF groups, it is useful to compare the PDF luminosities for MX � 1 TeV.
We will restrict ourselves to ABMP16, CT14, MMHT14 and NNPDF3.1, in all cases using ↵s(mZ) = 0.118.
Results are shown in Fig. 71 for

p
s = 13 TeV normalized to the central value of the MMHT14 calculation.

From the comparison in Fig. 71, we find that PDF uncertainties are small, at the few–percent level, up
to MX ' 5 TeV for the quark–quark luminosities. This is due to the fact that Lqq is dominated by the
rather accurately known up and down quark valence PDFs, which are constrained by measurements of e.g.
fixed–target DIS structure functions.

For the gluon–gluon luminosity, Lgg, we find a rather large spread in the predictions between the dif-
ferent groups, with MMHT14 (ABMP16) leading to the largest (smallest) central values. For instance, at
MX ⇠ 5 TeV, which is close to the upper limit of the kinematic coverage of the LHC, the envelope of the
PDF uncertainty bands spans ⇠ 100%. Even for more moderate invariant masses the spread is quite large,
with the values of Lgg at MX ⇠ 2.5 TeV varying between ⇠ +10% and �30% in comparison to the central
MMHT14 result. It is thus clear that these uncertainties would represent one of the limiting factors for BSM

124

MX [TeV]
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Jet measurements at LHC, 25’+5’ Mikko Voutilainen, Univ. Helsinki and HIP

Jets reach the highest energies at LHC

CMS highest pT di-widejet event a 
challenge to multijet modelling

Both CMS and ATLAS observe (excess 
of) 8 TeV jet pairs, at PDF extremes
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SM Precision
N

or
m

al
iz

ed
 e

nt
rie

s

0
0.005

0.01
0.015
0.02

0.025
0.03

0.035
0.04

0.045
2 = 79.8 GeV/cWM
2 = 80.0 GeV/cWM
2 = 80.2 GeV/cWM
2 = 80.4 GeV/cWM
2 = 80.6 GeV/cWM

X + ν +µ → +W → pp

 (GeV/c)µ
T
p

30 35 40 45 50

R
at

io
s

0.94
0.96
0.98

1
1.02
1.04
1.06

N
or

m
al

iz
ed

 e
nt

rie
s

0
0.005

0.01
0.015
0.02

0.025
0.03

0.035
0.04

0.045
2 = 79.8 GeV/cWM
2 = 80.0 GeV/cWM
2 = 80.2 GeV/cWM
2 = 80.4 GeV/cWM
2 = 80.6 GeV/cWM

X + ν −µ → −W → pp

 (GeV/c)µ
T
p

30 35 40 45 50

R
at

io
s

0.94
0.96
0.98

1
1.02
1.04
1.06

Figure 1: The simulated muon pµT distributions in W ! µ⌫ decays (left W+
, right W�

) with five

di↵erent MW hypotheses. The ratios are with respect to the prediction with MW = 80.3GeV/c
2
.

A similar set of weights can be assigned to map the sample to di↵erent PDFs. As in
Ref. [16] the full PDF uncertainty should consider an envelope of PDF sets from several
groups, including for example the MMHT14 [23] and CT14 [24] sets, but for the current
study we focus on the NNPDF3.1 [25] set with 1000 equiprobable replicas.

3 Fitting method

Scaling the generated event samples to the 6 fb�1 of LHCb Run 2 data yields an expectation
of 7.2 (4.8) million W+ (W�) events in the 30 < pµT < 50GeV/c and 2 < ⌘ < 4.5 region.
Toy data histograms are generated by randomly fluctuating the bins around the nominal
distribution, assuming these yields and Poisson statistics. These histograms can be
generated with di↵erent PDF sets using the reweighting procedure already described. The
current study neglects experimental systematic uncertainties, such as those due to the
knowledge of the momentum scale and the dependence of the muon identification e�ciency
on pµT and ⌘, and does not address the treatment of higher order QCD corrections in the
pWT modelling [26, 27].

The data histograms are compared to templates with di↵erent PDF andMW hypotheses.
The normalisation of each template is scaled to match the data such that the fit only
considers the shape information. For a given PDF hypothesis a single-parameter (1D) fit
determines the value of MW that minimises the �2 between a toy and the templates. The
68% C.L. statistical uncertainty corresponds to a variation of ��2 = 1 with respect to
the parabola minimum.

Fig. 2 shows, separately for the two W charges, how the results of a fit to a single toy
dataset vary with the PDF replica used in the templates. Forty bins in pµT (with bin width
of 0.5GeV/c) are used in the template fit. The fitted MW values follow approximately
Gaussian distributions with widths of 15 (20)MeV/c2 for the W+ (W�). The broadly
parabolic distributions of the best-fit �2 (�2

min) versus MW indicate that the PDF replicas
that most severely bias MW tend to give a measurably poorer fit quality. Before evaluating
how this information could be used to constrain the PDF uncertainty let us first try to
understand in more detail the underlying mechanism behind the PDF uncertainty.

3

S. Farry et al., EPJC79 (2019) no.6, 497
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and other LHC measurements…
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Why better PDFs?

High-mass BSM cross-sections
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ATLAS MW, arXiv:1701.07240
CMS sin2"W, arXiv:1806.00863

BLUE: vary sin2"eff for fixed pdf
ORANGE: NNPDF3.0 pdf uncertainty for fixed sin2"eff

… such as precision MW, sin2"W (where small discrepancies may indicate BSM physics) 
and Higgs, are also limited by pdf uncertainties at medium x, where we know 
pdfs best!

AFB: forward-backward asymmetry

• W mass: fit to lepton (                 ) kinematics. 
• Weak mixing angle       : lepton 
decay distribution (                 )  
w.r.t. initial quark.

CMS collab., EPJC78 (2018) no.9, 701

• Both approaching level of indirect EW determination, 
but strongly sensitive to PDF uncertainties.

W ! l⌫
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• Not to forget recent CDF W mass measurement!

(6.5 MeV) and track momentum (2.3 MeV),
on the z coordinate measured in the COT
(0.8 MeV), and on QED radiative corrections
(3.1 MeV). Measurements of the Z boson
mass using the dielectron track momenta,
and comparisons of mass measurements using
radiative and nonradiative electrons, provide
consistent results. The final calibration of the
electron energy is obtained by combining the
E/p-based calibration with the Z → eeð Þmass-
based calibration, taking into account the cor-
related uncertainty on the radiative corrections.
The spectator partons in the proton and

antiproton, as well as the additional (≈3) p!p
interactions in the same collider bunch cross-
ing, contribute visible energy that degrades
the resolution of u

→
. These contributions are

measured from events triggered on inelastic
p!p interactions and random bunch cross-
ings, reproducing the collision environment
of theW and Z boson data. Because there are
no high-pT neutrinos in the Z boson data, the
p
→
T imbalance between thep

→‘‘

T andu
→
inZ → ‘‘

events is used to measure the calorimeter
response to, and resolution of, the initial-
state QCD radiation accompanying boson
production. The simulation of the recoil vector
u
→
also requires knowledge of the distribution of

the energy flow into the calorimeter towers
impacted by the leptons, because these towers
are excluded from the computation of u

→
. This

energy flow ismeasured from theW boson data
using the event-averaged response of towers
separated in azimuth from the lepton direction.

Extracting the W boson mass

Kinematic distributions of background events
passing the event selection are included in
the template fits with their estimated nor-
malizations. The W boson samples contain a
small contamination of background events
arising from QCD jet production with a hadron
misidentified as a lepton, Z → ‘‘ decays with
only one reconstructed lepton,W → tn→ ‘n!nn,
pion and kaon decays in flight to muons (DIF),

and cosmic-ray muons (t, tau lepton; !n, anti-
neutrino). The jet, DIF, and cosmic-ray back-
grounds are estimated from control samples
of data, whereas the Z → ‘‘ and W → tn
backgrounds are estimated from simulation.
Background fractions for the muon (electron)
datasets are evaluated to be 7.37% (0.14%)
from Z → ‘‘ decays, 0.88% (0.94%) from
W → tn decays, 0.01% (0.34%) from jets,
0.20% from DIF, and 0.01% from cosmic rays.
The fit results (Fig. 4) are summarized in

Table 1. The MW fit values are blinded during
analysis with an unknown additive offset in the
range of−50 to 50MeV, in the samemanner as,
but independent of, the value used for blinding
the Z bosonmass fits. As the fits to the different
kinematic variables have different sensitivities
to systematic uncertainties, their consistency
confirms that the sources of systematic uncer-
tainties are well understood. Systematic uncer-
tainties, propagated by varying the simulation
parameters within their uncertainties and re-
peating the fits to these simulated data, are
shown in Table 1. The correlated uncertainty in
the mT (p‘T , pnT ) fit between the muon and

electron channels is 5.8 (7.9, 7.4)MeV. Themass
fits are stable with respect to variations of the
fitting ranges.
Simulated experiments are used to evaluate

the statistical correlations between fits, which
are found to be 69% (68%) between mT and
p‘T (p

n
T) fit results and 28% between p‘

T and pnT
fit results (43). The six individual MW results
are combined (including correlations) by
means of the best linear unbiased estimator
(66) to obtain MW ¼ 80;433:5 T 9:4MeV ,
with c2/dof = 7.4/5 corresponding to a prob-
ability of 20%. The mT, p‘

T, and pn
T fits in the

electron (muon) channel contribute weights
of 30.0% (34.2%), 6.7% (18.7%), and 0.9%
(9.5%), respectively. The combined result is
shown in Fig. 1, and its associated systematic
uncertainties are shown in Table 2.

Discussion

The dataset used in this analysis is about four
times as large as the one used in the previous
analysis (41, 43). Although the resolution of the
hadronic recoil is somewhat degraded in the
new data because of the higher instantaneous
luminosity, the statistical precision of themea-
surement fromthe larger sample is still improved
by almost a factor of 2. To achieve a commen-
surate reduction in systematic uncertainties, a
number of analysis improvements have been
incorporated, as described in table S1. These im-
provements are based on using cosmic-ray and
collider data inwaysnot employedpreviously to
improve (i) the COT alignment and drift model
and the uniformity of the EM calorimeter re-
sponse, and (ii) the accuracy and robustness of
the detector response and resolution model in
the simulation. Additionally, theoretical inputs
to the analysis have been updated. Upon incor-
porating the improved understanding of PDFs
and track reconstruction, our previousmeasure-
ment is increased by 13.5MeV to 80,400.5MeV;
the consistency of the latter with the new mea-
surement is at the percent probability level.
In conclusion, we report a new measure-

ment of theW bosonmass with the complete
dataset collected by the CDF II detector at the
Fermilab Tevatron, corresponding to 8.8 fb−1

of integrated luminosity. This measurement,
MW ¼ 80;433:5 T 9:4MeV, is more precise
than all previous measurements ofMW com-
bined and subsumes all previous CDF mea-
surements from 1.96-TeV data (38, 39, 41, 43).
A comparison with the SM expectation of
MW ¼ 80;357 T 6MeV (10), treating the quoted
uncertainties as independent, yields a differ-
ence with a significance of 7.0s and suggests
the possibility of improvements to the SM
calculation or of extensions to the SM. This
comparison, along with past measurements, is
shown in Fig. 5. Using the method described
in (45), we obtain a combined Tevatron (CDF
and D0) result of MW ¼ 80;427:4 T 8:9MeV.
Assuming no correlation between the Tevatron
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Fig. 5. Comparison of this CDF
II measurement and past MW

measurements with the SM
expectation. The latter includes
the published estimates of the
uncertainty (4 MeV) due to
missing higher-order quantum
corrections, as well as the
uncertainty (4 MeV) from other
global measurements used as
input to the calculation, such as
mt. c, speed of light in a vacuum.
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Table 2. Uncertainties on the combined
MW result.

Source Uncertainty (MeV)

Lepton energy scale 3.0
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Lepton energy resolution 1.2
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Recoil energy scale 1.2
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Recoil energy resolution 1.8
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Lepton efficiency 0.4
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Lepton removal 1.2
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Backgrounds 3.3
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

pZT model 1.8
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

pWT =p
Z
T model 1.3

. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Parton distributions 3.9
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

QED radiation 2.7
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

W boson statistics 6.4
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Total 9.4
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .
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Fig. 42: Measurement uncertainty for combined fits to the p`T and mT distributions (a) in differ-
ent lepton acceptance regions and for different centre-of-mass energies, using the CT10 PDF set and
for 200 pb�1collected at each energy and (b) for different PDF sets in |⌘`| < 4, for 200 pb�1and
1 fb�1collected at

p
s = 14 TeV. The numbers quoted for 0 < |⌘`| < 2.4 correspond to the combination

of the four pseudorapidity bins in this range.

Table 25: Measurement uncertainty for different lepton acceptance regions, centre-of-mass energies and
PDF sets, combined fits to the p`T and mT distributions, and for 200 pb�1collected at each energy. The
numbers quoted for 0 < |⌘`| < 2.4 correspond to the combination of the four pseudorapidity bins in this
range. In each case, the first number corresponds to the sum of statistical and PDF uncertainties, and the
numbers between parentheses are the statistical and PDF components, respectively.

p
s [TeV] Lepton acceptance Uncertainty in mW [MeV]

CT10 CT14 MMHT2014
14 |⌘`| < 2.4 16.0 (10.6 � 12.0) 17.3 (11.4 � 13.0) 15.4 (10.7 � 11.1)
14 |⌘`| < 4 11.9 (8.8 � 8.0) 12.4 (9.2 � 8.4) 10.3 (9.0 � 5.1)
27 |⌘`| < 2.4 18.3 (10.2 � 15.1) 18.8 (10.5 � 15.5) 16.5 (9.4 � 13.5)
27 |⌘`| < 4 12.3 (7.5 � 9.8) 12.7 (8.2 � 9.7) 11.4 (7.9 � 8.3)

14+27 |⌘`| < 4 10.1 (6.3 � 7.9) 10.1 (6.9 � 7.4) 8.6 (6.5 � 5.5)

p
s [TeV] Lepton acceptance Uncertainty in mW [MeV]

HL-LHC LHeC
14 |⌘`| < 2.4 11.5 (10.0 � 5.8 ) 10.2 (9.9 � 2.2)
14 |⌘`| < 4 9.3 (8.6 � 3.7) 8.7 (8.5 � 1.6)

where �F and �B are the cross sections in the forward (cos ✓⇤ > 0) and backward (cos ✓⇤ < 0) hemi-
spheres, respectively. In this frame the ✓⇤ is the angle of the `� direction with respect to the axis that
bisects the angle between the direction of the quark and opposite direction of the anti-quark. In pp colli-
sions the direction of the quark is assumed to be in the boost direction of the dilepton pair. Here, cos ✓⇤

is calculated using laboratory-frame quantities as follows:

cos ✓⇤ =
2(p+1 p

�
2 � p�1 p

+
2 )q

M2(M2 + P 2
T )

⇥
Pz
|Pz|

, (25)
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MSHT20 (in a slide)
• The ‘Post-Run I’ set from the MSTW, MMHT… group: MSHT20

• Focus on including significant amount of new data, higher precision theory 
and on methodological improvements.

★ New data: Updated data from HERA and LHC, 
including much high precision and multi-differential 
data. LHC data (DY, jets, top quark, V + jets…) 
playing increasing role.

★ Precision theory: NNLO theory input standard, 
and essential describing high precision data. EW/
QED corrections also included where relevant.

★ Methodological improvements: Flexible 
parameterisation in terms of Chebyshev 
polynomials (sub 1% level precision).
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Figure 2: Electroweak correction factor for the central (left) and outermost (right) rapidity bins
as a function of jet pT.

6 Comparison of theory and data
The measured double-differential cross sections for inclusive jet production are shown in Fig. 3
as a function of pT in the various |y| ranges after unfolding the detector effects. This measure-
ment is compared with the theoretical prediction discussed in Section 5 using the CT10 PDF
set. The ratios of the data to the theoretical predictions in the various |y| ranges are shown for
the CT10 PDF set in Fig. 4. Good agreement is observed for the entire kinematic range with
some exceptions in the low-pT region.
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Figure 3: Double-differential inclusive jet cross sections as function of jet pT. Data (open points
for the low-pT analysis, filled points for the high-pT one) and NLO predictions based on the
CT10 PDF set corrected for the nonperturbative factor for the low-pT data (solid line) and the
nonperturbative and electroweak correction factors for the high-pT data (dashed line). The
comparison is carried out for six different |y| bins at an interval of D|y| = 0.5.

Figure 5 presents the ratios of the measurements and a number of theoretical predictions based
on alternative PDF sets to the CT10 based prediction. A c2 value is computed based on the
measurements, their covariance matrices, and the theoretical predictions, as described in detail
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Figure 1: The calculated NNLO to NLO K-factors [22], including the MC statistical errors,
for representative ATLAS and CMS 7 TeV jet kinematics. Also shown is the 4–parameter
fit to the K-factors described in the text. The uncertainty band is shown for illustration by
summing in quadrature the 68% C.L. fit uncertainties in each bin, i.e. omitting correlations.
The top left (right) plots show the ATLAS result with the pmax

? scale choice and R = 0.4
(0.6), while the bottom left (right) plots show the CMS result with the pjet? scale choice and
R = 0.5 (0.7). In both cases results for the central rapidity bin are shown.

4

Figure 1: MSHT2020 NNLO PDFs at Q2 = 10 GeV2 and Q
2 = 104 GeV2, with associated 68%

confidence-level uncertainty bands.

on the strange quark. (anything else here? Single top would still be nice.) In Sec-

tion 8 we compare our MMHT PDFs with those of the other most recent global analyses of

PDFs – NNPDF3.1 PDFs [2] and CT18 PDFs [3], and also with older sets of PDFs of other

collaborations. In Section 9 we present our Conclusions.

2 Changes in the theoretical procedures

In this Section, we discuss in turn the changes in our theoretical description of the data,

compared to that used in the MMHT analysis. When appropriate we also mention some of the

main e↵ects on the PDFs resulting from these improvements.

2.1 Input distributions

In MMHT2014 we began to use parameterisations for the input distributions based on Cheby-

shev polynomials. Following the detailed study in [30], we take for most PDFs a parameterisa-

tion of the form

xf(x,Q2

0
) = A(1� x)⌘x�

 
1 +

nX

i=1

aiT
Ch

i
(y(x))

!
, (1)

where Q
2

0
= 1 GeV2 is the input scale, and T

Ch

i
(y) are Chebyshev polynomials in y, with

y = 1� 2xk where we take k = 0.5.

In the MMHT2014 study we took n = 4 in general, though used a slightly di↵erent param-

eterisation for the gluon and used more limited parameterisations for d̄ � ū and s � s̄ (‘s�’)

since these were less well constrained by data, whilst for similar reasons two of the s+ s̄ (‘s+’)

7
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How well do know PDFs?

Figure 17: Gluon PDF for MSHT20 and MMHT14, at NNLO and Q2 = 104 GeV2. (Left) ratio to
MMHT14. (Right) percentage uncertainties.

Figure 18: The e↵ects of removing the LHC jet, Z pT and top data sets on the high x gluon, shown in
ratios to the default MSHT20 PDFs.

Figure 19: Light sea (S) PDFs, for MSHT20 and MMHT14 at NNLO at Q2 = 104 GeV2. (Left) ratio
to MMHT14. (Right) percentage uncertainties.

52

• All previous major PDF releases: uncertainty given by propagating 
experimental uncertainty on data through to PDFs. f(x, µ)±�(x, µ)
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• Result depends on           and PDF type but can be as low as 1-2%.
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• However this is not the only source of uncertainty!

• Dependence on       , heavy quark masses, parameterisation can be 
accounted for. But recall:

Basic idea:

O ⇠ f ⌦ �
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measure 
(data)

predict 
(pQCD)fit
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Figure 37: (Left) Gluon and (right) Light sea PDFs showing the ratio of the MSHT20 PDFs to their
NLO values, at Q2 = 104 GeV2.

within uncertainties with the MMHT14 uV � dV at NLO at low x, unlike at NNLO, despite

its drastically di↵erent shape in this region. This greater similarity between MSHT20 and

MMHT14 at NLO than NNLO in uV �dV is not due to more similar individual valence quarks.

For the down valence, shown in Fig. 35 (right), the di↵erence is quite similar to the NNLO

version in Fig. 22 (right), but the up valence shown in Fig. 35 (left) actually gets further away

from MMHT14 at NLO than at NNLO (Fig. 22 (right)). Hence, at NLO a similar change in

shape of both valence quarks cancels to some extent in their di↵erence.

Finally, we compare the total strangeness and Rs. Comparing Fig. 36 (left) with the com-

parable NNLO in Fig. 27 (left) there are significant di↵erences, with MSHT20 much closer to

MMHT14 at NLO than at NNLO. In particular, the strangeness enhancement at x ⇡ 0.02

resulting from the high precision ATLAS W , Z data at 7 TeV at NNLO (and also supported

by the separate ATLAS 8 TeV W and Z data sets) is no longer present at NLO. This feature is

reflected in the comparisons of Rs in Fig. 36 (right) and 29. In this comparison it is also clear

that the form of Rs at low x is also altered, albeit well within uncertainties, with MSHT20 at

NLO tending to 1, and being higher than MMHT14, which is not true at NNLO. In addition,

the errors on Rs in this region in MSHT20 at NLO are also notably larger than at NNLO.

7 Dependence on the perturbative order

7.1 Comparison of NLO and NNLO

In this section we directly compare MSHT20 at NNLO with the MSHT20 NLO fit. This

reveals more straightforwardly some of the features present in comparing the NLO results and

the NNLO results against MMHT14 in the previous section.

First, in Fig. 37 we show the changes in the gluon and the light quark sea, which are some

of the more significant changes between NLO and NNLO. In particular the gluon is a↵ected
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• Compare e.g. gluon 
between NLO and 
NNLO fits. Can differ 
by more than PDF 
errors.

NLO

NNLO
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Figure 37: (Left) Gluon and (right) Light sea PDFs showing the ratio of the MSHT20 PDFs to their
NLO values, at Q2 = 104 GeV2.
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NLO

NNLO

• Now NLO and NNLO fits not to be treated on equal footing. Precision 
increases with order in      .

• Indeed this is reflected in fit quality, e.g. NLO fails dramatically for higher 
precision LHC data. NLO NNLO

Data set Points NLO �
2
/Npts NNLO �

2
/Npts

DØ W asymmetry 14 0.94 (2.53) 0.86 (14.7)
�tt [93]- [94] 17 1.34 (1.39) 0.85 (0.87)

LHCb 7+8 TeV W + Z [95, 96] 67 1.71 (2.35) 1.48 (1.55)
LHCb 8 TeV Z ! ee [97] 17 2.29 (2.89) 1.54 (1.78)

CMS 8 TeV W [98] 22 1.05 (1.79) 0.58 (1.30)
CMS 7 TeV W + c [99] 10 0.82 (0.85) 0.86 (0.84)

ATLAS 7 TeV jets R = 0.6 [18] 140 1.62 (1.59) 1.59 (1.68)
ATLAS 7 TeV W + Z [20] 61 5.00 (7.62) 1.91 (5.58)

CMS 7 TeV jets R = 0.7 [100] 158 1.27 (1.32) 1.11 (1.17)
ATLAS 8 TeV Z pT [75] 104 2.26 (2.31) 1.81 (1.59)

CMS 8 TeV jets R = 0.7 [101] 174 1.64 (1.73) 1.50 (1.59)
ATLAS 8 TeV tt̄ ! l + j sd [102] 25 1.56 (1.50) 1.02 (1.15)
ATLAS 8 TeV tt̄ ! l

+
l
� sd [103] 5 0.94 (0.82) 0.68 (1.11)

ATLAS 8 TeV high-mass DY [73]s 48 1.79 (1.99) 1.18 (1.26)
ATLAS 8 TeV W

+
W

�+ jets [104] 30 1.13 (1.13) 0.60 (0.57)
CMS 8 TeV (d�t̄t/dpT,tdyt)/�t̄t [105] 15 2.19 (2.20) 1.50 (1.48)

ATLAS 8 TeV W
+
W

� [106] 22 3.85 (13.9) 2.61 (5.25)
CMS 2.76 TeV jets [107] 81 1.53 (1.59) 1.27 (1.39)
CMS 8 TeV �t̄t/dyt [108] 9 1.43 (1.02) 1.47 (2.14)

ATLAS 8 TeV double di↵erential Z [74] 59 2.67 (3.26) 1.45 (5.16)
Total, LHC data in MSHT20 1328 1.79 (2.18) 1.33 (1.77)

Total, non-LHC data in MSHT20 3035 1.13 (1.18) 1.10 (1.18)
Total, all data 4363 1.33 (1.48) 1.17 (1.36)

Table 2: �2/Npts at NLO and NNLO for the fit to the new LHC and Tevatron data included in the
MSHT20 fit. The corresponding fit qualities are also given for the total LHC and non-LHC data included
in MSHT20, as well as the overall fit across all data. In brackets are the predictions obtained using the
MMHT14 PDFs (also at ↵S(M2

Z
) = 0.118).

case of Drell-Yan data, in di↵erent mass bins. For these sets the improvement after refitting

is often considerable, and the prediction from the MMHT14 PDFs can be very poor. The

improvement with refitting for these data sets is mainly achieved by changes in the details of

the flavour content of the quarks and antiquarks. However, overall improvement also results

from changes in the gluon distribution and in the common shape of the quark distributions as

a function of x. In most cases the fit quality is clearly better at NNLO than at NLO, with

the data sensitive to the fine detail of the shape corrections in both the PDFs and the hard

cross sections at NNLO. It is clear from the totals for the LHC and non-LHC data, that the

description of the former is clearly improved from NLO to NNLO, whereas the latter improves

only marginally.

We now discuss individual data sets in turn.
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• But question 
remains: what might 
happen if we go 
beyond NNLO?
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Missing Higher Orders

• How to estimate uncertainty due to missing higher orders (MHOs)? 
Standard approach is use scale variations:

<latexit sha1_base64="sK/0lMjwBzUSTgH8l7mg6di7sxo="></latexit>

� = �0 (1 + c1↵S + · · · cn↵n
S)

<latexit sha1_base64="36LON4n31CCA++0OPbxTnKIC5n4="></latexit>

�� = �(2µ0)� �(µ0/2)
<latexit sha1_base64="NGJTrclyiRH/XrShdSEmHES1GgQ="></latexit>

d�

dµ
= O(↵n+1

S )

• Can then propagate through to fit:
O ⇠ f ⌦ �
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measure 
(data)

predict 
(pQCD)fit

• However this is just a rule of thumb:

★ Why 2? ★ What value for        ? ★ Does this really follow pert. series?
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• Moreover for NNLO PDF fit: we actually know quite a bit already about 
the next (N3LO) order up. Should use this!
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n = 2
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n = 3



Basic Idea

Theoretical Uncertainties in a Global PDF Fit

• Do we need to wait for a full description of the next order to be able to use the knowledge 
we have?


• Can attempt to parameterise the higher order effects with a nuisance parameter defined 
by a prior probability distribution[12].


• Allow the fit to move these N3LO parameters (with a penalty attached to ensure we stay 
close to the behaviour already known).

3

P(θ′ ) = 1
2πσθ′ 

exp(−θ′ 2/2σ2
θ′ 
)

P(T |D) ∝ exp (− 1
2 (T − D)TH0(T − D))

P(T |D) ∝ exp (− 1
2 M−1(θ′ − θ′ )2 − 1

2 (T′ − D)TH(T′ − D))

• With these alterations, we follow the same 
practice as set out in the MSHT20 NNLO PDF fit 
- the exact same global fit is done.

• In general terms: parameterise higher order (~N3LO) corrections via 
nuisance parameters given by prior probability distribution.

• That is, starting with original fit probability:

<latexit sha1_base64="3elhcXnYswU3DFtRRLWzRm/KCts=">AAAB8HicdVDLSgMxFM34rPVVdekm2AquSlKkD3FRsAuXFexD2qFk0kwbmswMSUYoQ7/CjQtF3Po57vwbM20FFT1w4XDOvdx7jxcJrg1CH87K6tr6xmZmK7u9s7u3nzs4bOswVpS1aChC1fWIZoIHrGW4EawbKUakJ1jHm1ylfueeKc3D4NZMI+ZKMgq4zykxVrorNAoXsEEMGeTyqIgQwhjDlOBKGVlSq1VLuApxalnkwRLNQe69PwxpLFlgqCBa9zCKjJsQZTgVbJbtx5pFhE7IiPUsDYhk2k3mB8/gqVWG0A+VrcDAufp9IiFS66n0bKckZqx/e6n4l9eLjV91Ex5EsWEBXSzyYwFNCNPv4ZArRo2YWkKo4vZWSMdEEWpsRlkbwten8H/SLhVxuXh+U8rXL5dxZMAxOAFnAIMKqINr0AQtQIEED+AJPDvKeXRenNdF64qznDkCP+C8fQJGao9r</latexit>

D: Data
<latexit sha1_base64="7H5ZyJA4ydeSM6IVNyI1SsE78nQ="></latexit>

H0 ⇠ 1
�2
exp

• Then we model N3LO theory via:

<latexit sha1_base64="Kyk0a6+AfmlJqYIpU6rEDXaCsjk=">AAAB+3icdVDLSgMxFM34rPU11qWbYCvUTZkU6UNcFNy4kFqhL2iHkknTNjTzIMmIw9BfceNCEbf+iDv/xkxbQUUPXDiccy/33uMEnEllWR/Gyura+sZmaiu9vbO7t28eZNrSDwWhLeJzX3QdLClnHm0ppjjtBoJi1+G040wvE79zR4VkvtdUUUBtF489NmIEKy0NzEyumTuHzQn1RQTz9fr1zenAzFoFy7IQQjAhqFyyNKlWK0VUgSixNLJgicbAfO8PfRK61FOEYyl7yAqUHWOhGOF0lu6HkgaYTPGY9jT1sEulHc9vn8ETrQzhyBe6PAXn6veJGLtSRq6jO12sJvK3l4h/eb1QjSp2zLwgVNQji0WjkEPlwyQIOGSCEsUjTTARTN8KyQQLTJSOK61D+PoU/k/axQIqFc5ui9naxTKOFDgCxyAPECiDGrgCDdACBNyDB/AEno2Z8Wi8GK+L1hVjOXMIfsB4+wRO25Kv</latexit>

T : Theory (NNLO)

<latexit sha1_base64="cvWSftUrHiAFn9Nfw6DPuPLMwFA=">AAAB/nicdVBdSwJBFJ21L7MvK3rqZUjCIJBdW9SgQOilRwNNQReZHWd1cPaDmbuBLEJ/pZceiui139Fb/6ZZNaioAxcO59zLvfe4keAKTPPDyCwtr6yuZddzG5tb2zv53b1bFcaSshYNRSg7LlFM8IC1gINgnUgy4ruCtd3xVeq375hUPAyaMImY45NhwD1OCWipnz9oFvElbvbNIj7FPRgxIEUc9/MFs3Req5TtCjZLplm1ylZKylX7zMaWVlIU0AKNfv69Nwhp7LMAqCBKdS0zAichEjgVbJrrxYpFhI7JkHU1DYjPlJPMzp/iY60MsBdKXQHgmfp9IiG+UhPf1Z0+gZH67aXiX143Bq/mJDyIYmABnS/yYoEhxGkWeMAloyAmmhAqub4V0xGRhIJOLKdD+PoU/09uyyWrUrJv7EL9YhFHFh2iI3SCLFRFdXSNGqiFKErQA3pCz8a98Wi8GK/z1oyxmNlHP2C8fQKfC5Nd</latexit>

T 0 = T 0
0 + ✓0u

N3LO 
theory

N3LO 
(central)

Allowed 
variation

• With shift given by prior probability:

Theoretical Uncertainties in a Global PDF Fit

• Do we need to wait for a full description of the next order to be able to use the knowledge 
we have?


• Can attempt to parameterise the higher order effects with a nuisance parameter defined 
by a prior probability distribution[12].


• Allow the fit to move these N3LO parameters (with a penalty attached to ensure we stay 
close to the behaviour already known).

3

P(θ′ ) = 1
2πσθ′ 

exp(−θ′ 2/2σ2
θ′ 
)

P(T |D) ∝ exp (− 1
2 (T − D)TH0(T − D))

P(T |D) ∝ exp (− 1
2 M−1(θ′ − θ′ )2 − 1

2 (T′ − D)TH(T′ − D))

• With these alterations, we follow the same 
practice as set out in the MSHT20 NNLO PDF fit 
- the exact same global fit is done.

• To give final result:

Theoretical Uncertainties in a Global PDF Fit

• Do we need to wait for a full description of the next order to be able to use the knowledge 
we have?


• Can attempt to parameterise the higher order effects with a nuisance parameter defined 
by a prior probability distribution[12].


• Allow the fit to move these N3LO parameters (with a penalty attached to ensure we stay 
close to the behaviour already known).

3

P(θ′ ) = 1
2πσθ′ 

exp(−θ′ 2/2σ2
θ′ 
)

P(T |D) ∝ exp (− 1
2 (T − D)TH0(T − D))

P(T |D) ∝ exp (− 1
2 M−1(θ′ − θ′ )2 − 1

2 (T′ − D)TH(T′ − D))

• With these alterations, we follow the same 
practice as set out in the MSHT20 NNLO PDF fit 
- the exact same global fit is done.

• Question: How do we determine prior? Best fit (error <       )
25
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Splitting Functions
• Start with QCD splitting functions:

Theoretical Uncertainties - Higher Orders (J. McGowan, T. Cridge,
L. Harland-Lang, RT)

Leading source of uncertainties is from from Missing Higher Orders
in perturbation theory. Numerous sources of this for e.g structure
functions, i.e. splitting functions

P (x,↵s) = ↵sP
(0)(x) + ↵

2

s
P (1)(x) + ↵

3

s
P (2)(x) + ↵

4

s
P (3)(x) + . . . ,

but also heavy flavour transition matrix elements and cross-sections
(coefficient functions)

F2(x,Q
2) =

X
↵2{H,q,g}

⇣
C

VF, nf+1

q,↵ ⌦A↵i(Q
2
/m

2

h
)⌦ f

nf

i
(Q2)

+C
VF, nf+1

H,↵
⌦A↵i(Q

2
/m

2

h
)⌦ f

nf

i
(Q2)

⌘
,

Current knowledge is up to NNLO, with higher orders unknown.

Already progress in calculating features at N3LO [2-13].
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<latexit sha1_base64="pIjxV1zjmB0BspNoL34uGq6drBo="></latexit>

@f

@µ
⇠ P ⌦ f

• While these are not known exactly at N3LO, we do know quite a lot already:

N3LO - What do we know?

Zero-mass structure function N3LO coefficient functions are known [2].

Some knowledge of leading terms in the small x and large x regime
[3-12], e.g.

P (3)

qg
(x) !

C
3

A

3⇡4

✓
82

81
+ 2⇣3

◆
1

2

ln2 1/x

x
+ ⇢qg

ln 1/x

x
,

Some numerical constraints (Low-
integer Mellin moments) [3-12].

Intuition from lower orders and
expectations from perturbation
theory.

Very little about many cross-
sections (K-factors).
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★ Form at low    :
<latexit sha1_base64="VDt/gnzOb+i7T/YsL2vzrb9BZ+w="></latexit>Z 1

0
dxxN�1P (x)★ Even Mellin moments up to                

intermediate to high    
constraints.

<latexit sha1_base64="dkr9NA3cDYifWZcnvCilUT492Xs=">AAAB6nicdVBNSwMxEM3Wr1q/qh69BIvgqSSltFtQKHjxJBVtLbRLyabZNjSbXZKsUJb+BC8eFPHqL/LmvzHbVlDRBwOP92aYmefHgmuD0IeTW1ldW9/Ibxa2tnd294r7Bx0dJYqyNo1EpLo+0UxwydqGG8G6sWIk9AW78ycXmX93z5Tmkbw105h5IRlJHnBKjJVurs7dQbGEygghjDHMCK7XkCWNhlvBLsSZZVECS7QGxff+MKJJyKShgmjdwyg2XkqU4VSwWaGfaBYTOiEj1rNUkpBpL52fOoMnVhnCIFK2pIFz9ftESkKtp6FvO0Nixvq3l4l/eb3EBK6Xchknhkm6WBQkApoIZn/DIVeMGjG1hFDF7a2Qjoki1Nh0CjaEr0/h/6RTKeNauXpdLTXPlnHkwRE4BqcAgzpogkvQAm1AwQg8gCfw7Ajn0XlxXhetOWc5cwh+wHn7BPCtjZQ=</latexit>

N = 8

<latexit sha1_base64="LmcQPbdhE2f+hDddL9cWKMStu6U=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnWYz/</latexit>x

<latexit sha1_base64="LmcQPbdhE2f+hDddL9cWKMStu6U=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnWYz/</latexit>x
<latexit sha1_base64="tjsDbAooZOAPw7hvOpB/ZjOc8s0=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZxXzA5Qh7m71kyd7tsTunhJCfYWOhiK2/xs5/4ya5QhMfDDzem2FmXphKYdB1v53Cyura+kZxs7S1vbO7V94/aBqVacYbTEml2yE1XIqEN1Cg5O1UcxqHkrfC4c3Ubz1ybYRKHnCU8iCm/UREglG0kt+5F/0BUq3VU7dccavuDGSZeDmpQI56t/zV6SmWxTxBJqkxvuemGIypRsEkn5Q6meEpZUPa576lCY25CcazkyfkxCo9EiltK0EyU39PjGlszCgObWdMcWAWvan4n+dnGF0FY5GkGfKEzRdFmSSoyPR/0hOaM5QjSyjTwt5K2IBqytCmVLIheIsvL5PmWdW7qJ7fnVdq13kcRTiCYzgFDy6hBrdQhwYwUPAMr/DmoPPivDsf89aCk88cwh84nz+SO5Fw</latexit>)

N3LO - What do we know?

Zero-mass structure function N3LO coefficient functions are known [2].

Some knowledge of leading terms in the small x and large x regime
[3-12], e.g.

P (3)

qg
(x) !

C
3

A

3⇡4

✓
82

81
+ 2⇣3

◆
1

2

ln2 1/x

x
+ ⇢qg

ln 1/x

x
,

Some numerical constraints (Low-
integer Mellin moments) [3-12].

Intuition from lower orders and
expectations from perturbation
theory.

Very little about many cross-
sections (K-factors).
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★ Intuition from lower orders 
about what to expect.

26



• Idea is to parameterise            using set of basis functions:

with         known moments used to solve for         .

<latexit sha1_base64="FdHh0UwutXGT2aMCQblc1DmJ7Hw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpFb16XJYrrg1dwG0TrycVCBHa1j+GowikggqDeFY677nxsZPsTKMcDovDRJNY0ymeEz7lkosqPbTxa1zdGGVEQojZUsatFB/T6RYaD0Tge0U2Ez0qpeJ/3n9xIQ3fspknBgqyXJRmHBkIpQ9jkZMUWL4zBJMFLO3IjLBChNj4ynZELzVl9dJ56rmNWr1+3ql2czjKMIZnEMVPLiGJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHTRmNwg==</latexit>

P (x)

<latexit sha1_base64="6IFt/tX+C490WqIjW8Zwk489YPI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FL56kov2AdinZNNuGJtklyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkgME1yxpuVWsE6iGZGhYO1wfDPz209MGx6rRztJWCDJUPGIU2Kd9HDXl/1yxat6c+BV4uekAjka/fJXbxDTVDJlqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VBHJTJDNT53iM6cMcBRrV8riufp7IiPSmIkMXackdmSWvZn4n9dNbXQdZFwlqWWKLhZFqcA2xrO/8YBrRq2YOEKo5u5WTEdEE2pdOiUXgr/88ippXVT9y2rtvlap1/M4inACp3AOPlxBHW6hAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w8o+I25</latexit>

Nm

<latexit sha1_base64="r9gZ//EZss8y5pjLyJ6msqZ8m4s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cNPn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVer1PI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAPGo2o</latexit>

Ai

<latexit sha1_base64="uQuA7hImVMNgQ97UE/+rmhsq0V4="></latexit>

P (x) =
NmX

i=1

Aifi(x) + fe(x, ⇢)

•                 is given known leading low    term + next-to-leading with 
nuisance parameter     , e.g. for               :
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fe(x, ⇢) <latexit sha1_base64="Q58trJywi8HZ0Yk+lnDO0AK4/Xg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKvZ7HUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f6I2NAw==</latexit>x
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• For           range of choices are made, guided by what appears at lower orders
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• For a given value of     and set of           
splitting function predicted entirely. 
Varying these gives prior uncertainty 
band.

• More precisely, range of     set by requiring that ‘reasonable’ result:

★ Low                 : full function cannot be in 
large tension with leading term.
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★ High    : N3LO correction small, following general trend of NNLO.

• Some subjectivity here, but result does not depend sensitively on precise prior.

• A similar approach was used before the full NNLO was known, and found to 
match the exact NNLO result well!
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• In the end choose one set of          and range of     to satisfy this.
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is chosen from the analysis of lower orders. Specifically, following the pattern of functions from

lower orders, it can be shown that at this order we expect the most dominant large-x term to

be ln4(1� x) and ln4
x to be the highest power of ln x at small-x.

Fig. 1 displays an example of the variation found from the di↵erent choices of functions that

encapsulate the chosen range of ⇢qg. We also show the upper (A) and lower (B) bounds (at

small-x) for the entire uncertainty (solid line) combining the variation in the functions and in

the variation of ⇢qg. The upper (P (3),A
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Using this information, a fixed functional form is chosen to be,
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and ⇢qg is allowed to vary as �2.5 < ⇢qg < �0.8. This fixed functional form identically matches

with the lower bound P
(3),B

qg and the expansion of the variation of ⇢qg enables (to within ⇠ 1%)
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Figure 3: Perturbative expansions up to aN3LO for the quark singlet splitting functions PPS
qq (top)

and Pqg (bottom) including any corresponding allowed ±1� variation (shaded green region). The best
fit values (blue dashed line) display the predictions for each function determined from a global PDF
fit.

26

• Result for            :

★ Largest deviations at low     - corrections here larger.

★ But also differences at high      , driven by known moments.

★ Green curve: central result of prior. Not centred on NNLO          known 
information from N3LO.

★ Dashed curve: result after fitting, i.e. agrees well with prior.
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• Similar trends for other splitting functions

Figure 3: Perturbative expansions up to aN3LO for the quark singlet splitting functions PPS
qq (top)

and Pqg (bottom) including any corresponding allowed ±1� variation (shaded green region). The best
fit values (blue dashed line) display the predictions for each function determined from a global PDF
fit.
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Figure 4: Perturbative expansions for the gluon splitting functions Pgq (top) and Pgg (bottom)
including any corresponding allowed ±1� variation (shaded green region). The best fit value (blue
dashed line) displays the prediction for this function determined from a global PDF fit.
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Figure 4: Perturbative expansions for the gluon splitting functions Pgq (top) and Pgg (bottom)
including any corresponding allowed ±1� variation (shaded green region). The best fit value (blue
dashed line) displays the prediction for this function determined from a global PDF fit.
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<latexit sha1_base64="FR2XpQSJR6ZVt/qieYCXhCeDr8o=">AAAB7XicdVBNS8NAEJ34WetX1aOXxSJ4CkkNbb0VvHisYD+gDWWz3bRrN9m4uxFK6H/w4kERr/4fb/4bN20FFX0w8Hhvhpl5QcKZ0o7zYa2srq1vbBa2its7u3v7pYPDthKpJLRFBBeyG2BFOYtpSzPNaTeRFEcBp51gcpn7nXsqFRPxjZ4m1I/wKGYhI1gbqd0cZKO72aBUduyLerXiVZFjO07Nrbg5qdS8cw+5RslRhiWag9J7fyhIGtFYE46V6rlOov0MS80Ip7NiP1U0wWSCR7RnaIwjqvxsfu0MnRpliEIhTcUazdXvExmOlJpGgemMsB6r314u/uX1Uh3W/YzFSappTBaLwpQjLVD+OhoySYnmU0MwkczcisgYS0y0CahoQvj6FP1P2hXbrdretVduNJZxFOAYTuAMXKhBA66gCS0gcAsP8ATPlrAerRfrddG6Yi1njuAHrLdPGcePfg==</latexit>

Pgq

<latexit sha1_base64="bEDMwcRiG4dnfBUg9aZvK8X2dhA=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIY2roruHFZwT6gDWUynaRjJzNhZiKU0H9w40IRt/6PO//GSVtBRQ9cOJxzL/feE6aMKu04H1ZpbX1jc6u8XdnZ3ds/qB4edZXIJCYdLJiQ/RApwignHU01I/1UEpSEjPTC6VXh9+6JVFTwWz1LSZCgmNOIYqSN1G2P8jiej6o1x75s1j2/Dh3bcRqu5xbEa/gXPnSNUqAGVmiPqu/DscBZQrjGDCk1cJ1UBzmSmmJG5pVhpkiK8BTFZGAoRwlRQb64dg7PjDKGkZCmuIYL9ftEjhKlZkloOhOkJ+q3V4h/eYNMR80gpzzNNOF4uSjKGNQCFq/DMZUEazYzBGFJza0QT5BEWJuAKiaEr0/h/6Tr2W7d9m/8Wqu1iqMMTsApOAcuaIAWuAZt0AEY3IEH8ASeLWE9Wi/W67K1ZK1mjsEPWG+fCpWPdA==</latexit>

Pgg
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DIS Coefficient Functions
• Deep inelastic scattering (DIS) : backbone of PDF fits.

• DIS cross section given in terms of coefficient functions         :
<latexit sha1_base64="g4KUYrhDRi5Bj0VOPC9qbRBONl4=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9mU0o9boRePFW0ttEvJptk2NJtdkqxQlv4ELx4U8eov8ua/MdtWUNEHA4/3ZpiZ58eCa+O6H05uY3Nreye/W9jbPzg8Kh6f9HSUKMq6NBKR6vtEM8El6xpuBOvHipHQF+zOn7Uz/+6eKc0jeWvmMfNCMpE84JQYK920R3xULLll13UxxigjuF5zLWk2GxXcQDizLEqwRmdUfB+OI5qETBoqiNYD7MbGS4kynAq2KAwTzWJCZ2TCBpZKEjLtpctTF+jCKmMURMqWNGipfp9ISaj1PPRtZ0jMVP/2MvEvb5CYoOGlXMaJYZKuFgWJQCZC2d9ozBWjRswtIVRxeyuiU6IINTadgg3h61P0P+lVyrhWrl5XS63WOo48nME5XAKGOrTgCjrQBQoTeIAneHaE8+i8OK+r1pyznjmFH3DePgFfHI3g</latexit>

Ci

<latexit sha1_base64="72VHVto99ri0eNVaz2PiWKsr/Qw="></latexit>

�DIS ⇠ Ci ⌦ fi

are known at N3LO for the light quarks (               )!

• Is this enough? Not quite - heavy quark contributions (                  ) play 
important role.  Here some information is known but not everything.

<latexit sha1_base64="c6XkMKfesskiwrzX1kmYRGop2tw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqBeh4MVjBdMW2lA22027dHcTdzdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2FmXphwpo3rfjultfWNza3ydmVnd2//oHp41NZxqgj1Scxj1Q2xppxJ6htmOO0mimIRctoJJ7e533miSrNYPphpQgOBR5JFjGBjJV8MHm/cQbXm1t050CrxClKDAq1B9as/jEkqqDSEY617npuYIMPKMMLprNJPNU0wmeAR7VkqsaA6yObHztCZVYYoipUtadBc/T2RYaH1VIS2U2Az1steLv7n9VITXQcZk0lqqCSLRVHKkYlR/jkaMkWJ4VNLMFHM3orIGCtMjM2nYkPwll9eJe2LundZb9w3as1mEUcZTuAUzsGDK2jCHbTABwIMnuEV3hzpvDjvzseiteQUM8fwB87nD1AOjl0=</latexit>

mq = 0
<latexit sha1_base64="OzY3tCdKuZx9yHI4gsABNunT32o=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4kJKU0seu4MZlBVsL7VAyadqGJplpkimUod/hxoUibv0Yd/6NmbaCih64cDjnXu69J4gENxahDy+zsbm1vZPdze3tHxwe5Y9P2iaMNWUtGopQdwJimOCKtSy3gnUizYgMBLsPJtepfz9j2vBQ3dl5xHxJRooPOSXWSb7sJ/QqWPQUm0LUzxdQESGEMYYpwdUKcqRer5VwDeLUciiANZr9/HtvENJYMmWpIMZ0MYqsnxBtORVskevFhkWETsiIdR1VRDLjJ8ujF/DCKQM4DLUrZeFS/T6REGnMXAauUxI7Nr+9VPzL68Z2WPMTrqLYMkVXi4axgDaEaQJwwDWjVswdIVRzdyukY6IJtS6nnAvh61P4P2mXirhSLN+WC43GOo4sOAPn4BJgUAUNcAOaoAUomIIH8ASevZn36L14r6vWjLeeOQU/4L19AmOdkd4=</latexit>

mc,b 6= 0

• In more detail: one could in principle just include heavy quarks in final 
state (‘fixed flavour scheme’):

as non-zero quark mass regulates collinear (               ) divergence.
<latexit sha1_base64="vqITiANYwWfJa9mQHix8eHKUWq0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXJSmlj13BTZcV7APaoWTSTBubSYYkI5Sh/+DGhSJu/R93/o2ZtoKKHggczrmX3HOCWHBjEfrwNja3tnd2c3v5/YPDo+PCyWnXqERT1qFKKN0PiGGCS9ax3ArWjzUjUSBYL5hdZ37vnmnDlby185j5EZlIHnJKrJO6k6FVsDUqFFEJIYQxhhnBtSpypNGol3Ed4sxyKII12qPC+3CsaBIxaakgxgwwiq2fEm05FWyRHyaGxYTOyIQNHJUkYsZPl9cu4KVTxjBU2j1p4VL9vpGSyJh5FLjJiNip+e1l4l/eILFh3U+5jBPLJF19FCYCuohZdDjmmlEr5o4Qqrm7FdIp0YRaV1DelfCVFP5PuuUSrpYqN5Vis7muIwfOwQW4AhjUQBO0QBt0AAV34AE8gWdPeY/ei/e6Gt3w1jtn4Ae8t09bbI8B</latexit>

g ! H
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• However if we do this then for larger photon        cross section develops 
large logs in               and perturbation theory breaks down.

• At large                   essential to instead include heavy quark PDFs, with 
DGLAP evolution resumming these (‘zero mass flavour scheme’).

<latexit sha1_base64="tD3paNsro8mW4m9jEu9X9EwfBqU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY8kXjxClEcCK5kdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqAScJ9yM6VCIUjKKV7huPlX6x5JbdBcg68TJSggz1fvGrN4hZGnGFTFJjup6boD+lGgWTfFbopYYnlI3pkHctVTTixp8uTp2RC6sMSBhrWwrJQv09MaWRMZMosJ0RxZFZ9ebif143xfDGnwqVpMgVWy4KU0kwJvO/yUBozlBOLKFMC3srYSOqKUObTsGG4K2+vE5albJ3Va42qqVaLYsjD2dwDpfgwTXU4A7q0AQGQ3iGV3hzpPPivDsfy9ack82cwh84nz/Sio2A</latexit>

Q2

<latexit sha1_base64="sWIj2UPvrZveg4YMnnkP778d/Ls=">AAAB8HicbVBNTwIxEJ31E/EL9eilkZh4wl1C1COJF46QyIeBhXRLFxra7qbtmpANv8KLB43x6s/x5r+xwB4UfMkkL+/NZGZeEHOmjet+OxubW9s7u7m9/P7B4dFx4eS0paNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03YwuZ/77SeqNIvkg5nG1Bd4JFnICDZWemz0y9diUOuXB4WiW3IXQOvEy0gRMtQHha/eMCKJoNIQjrXuem5s/BQrwwins3wv0TTGZIJHtGupxIJqP10cPEOXVhmiMFK2pEEL9fdEioXWUxHYToHNWK96c/E/r5uY8M5PmYwTQyVZLgoTjkyE5t+jIVOUGD61BBPF7K2IjLHCxNiM8jYEb/XlddIql7ybUqVRKVarWRw5OIcLuAIPbqEKNahDEwgIeIZXeHOU8+K8Ox/L1g0nmzmDP3A+fwB+EI+P</latexit>

Q2/m2
H

<latexit sha1_base64="zAIoofLTvwIVuZ/ClJNPqqevejE=">AAAB9HicbVBNTwIxEJ31E/EL9eilkZh4IruEqEcSLxwhkY8EFtItXWhou2vbJSEbfocXDxrj1R/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dra2d3b39nMH+cOj45PTwtl5S0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g8rDw21OqNIvko5nF1Bd4JFnICDZW8hv9MuqNRkgMav3yoFB0S+4SaJN4GSlChvqg8NUbRiQRVBrCsdZdz42Nn2JlGOF0nu8lmsaYTPCIdi2VWFDtp8uj5+jaKkMURsqWNGip/p5IsdB6JgLbKbAZ63VvIf7ndRMT3vspk3FiqCSrRWHCkYnQIgE0ZIoSw2eWYKKYvRWRMVaYGJtT3obgrb+8SVrlkndbqjQqxWo1iyMHl3AFN+DBHVShBnVoAoEneIZXeHOmzovz7nysWrecbOYC/sD5/AH76pDy</latexit>

Q2 � m2
H

FFS ZMFS

• The heavy quark PDFs are completely predicted in pQCD via so-
called `transition matrix elements’:

where we have omitted the scale argument of ↵s(µ2

r
= µ

2

f
) ⌘ ↵s for brevity and P (0), P (1), P (2)

are known [18, 20–25]. P (3) are the four-loop quantities which we approximate in Section 4

using information from [19,26–34].

Considering Equation (3.1), ⌃(Q2) and g(Q2) are the singlet and gluon PDFs respectively,

evolved to the required Q
2 energy of the process via Equation (3.3). For more information on

the relevant formulae used in this convolution, the reader is referred to [35].

Thus far, we have limited our discussion to only light quark flavours. However, as we move

through the full range of Q2 values, the number of partons which are kinematically accessible

increases. More specifically, as we pass over the charm and bottom mass thresholds (where

Q
2 = m

2

c,b
) we must account for the heavy quark PDFs and their corresponding contributions.

To deal with the heavy quark contributions to the total structure function, whilst remaining

consistent with the light quark picture described above, we consider

f
nf+1

↵ (x,Q2) =
⇥
A↵i(Q

2
/m

2

h
)⌦ f

nf

i
(Q2)

⇤
(x), (3.6)

where we have an implied summation over partons i and A↵i are the heavy flavour transition

matrix elements [36,37] which explicitly depend on the heavy flavour mass threshold mh, where

these contributions are activated4. We also denote the PDFs as f
nf

i
and f

nf+1

i
to indicate

whether the PDF has been evolved with only light flavours (nf ) or also with heavy flavours

(nf + 1). In this work we only consider contributions at heavy flavour threshold i.e. where

Q
2 = m

2

h
. We then define the PDFs:

f
nf+1

q (x,Q2) =
⇥
Aqq,H(Q

2
/m

2

h
)⌦ f

nf
q (Q2) + Aqg,H(Q

2
/m

2

h
)⌦ f

nf
g (Q2)

⇤
(x) (3.7a)

f
nf+1

g (x,Q2) =
⇥
Agq,H(Q

2
/m

2

h
)⌦ f

nf
q (Q2) + Agg,H(Q

2
/m

2

h
)⌦ f

nf
g (Q2)

⇤
(x) (3.7b)

f
nf+1

H
(x,Q2) =

⇥
AHq(Q

2
/m

2

h
)⌦ f

nf
q (Q2) + AHg(Q

2
/m

2

h
)⌦ f

nf
g (Q2)

⇤
(x) (3.7c)

where we have an implicit summation over light flavours of q and a generalised theoretical

description to involve heavy flavour contributions5. Equation (3.7a) and Equation (3.7b) are

the light flavour quark and gluon PDFs defined earlier, modified to include contributions me-

diated by heavy flavour loops. Whereas in Equation (3.7c) we describe the heavy flavour PDF,

perturbatively calculated from the light quark and gluon PDFs.

By considering the number of vertices (and hence orders of ↵s) required for each of these

transition matrix elements to contribute to their relevant ‘output’ partons, we are immediately

able to show:
4The indices here run as ↵ 2 {H, q, g} and i 2 {q, g}, since nf is the number of light flavours.
5Note that the notation A↵i,H is exactly equivalent to A↵i. When H is not present in the final state of

matrix element interactions, we opt for the A↵i,H notation. This is to remind the reader that these elements
are considering only those interactions involving a heavy quark.

12

32



• Better still is to interpolate between                    and                    regions. 
Keep exact         dependence in former and                    resummation in 
latter - ‘general mass variable flavour number scheme’ (GM-VFNS).

• For e.g. gluon-initiated heavy flavour production at NLO:

• Beyond this order, can build up contributions systematically.

• So we need at N3LO:
★ Transition matrix elements.

★ DIS coefficient functions with                 .

<latexit sha1_base64="zAIoofLTvwIVuZ/ClJNPqqevejE=">AAAB9HicbVBNTwIxEJ31E/EL9eilkZh4IruEqEcSLxwhkY8EFtItXWhou2vbJSEbfocXDxrj1R/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dra2d3b39nMH+cOj45PTwtl5S0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g8rDw21OqNIvko5nF1Bd4JFnICDZW8hv9MuqNRkgMav3yoFB0S+4SaJN4GSlChvqg8NUbRiQRVBrCsdZdz42Nn2JlGOF0nu8lmsaYTPCIdi2VWFDtp8uj5+jaKkMURsqWNGip/p5IsdB6JgLbKbAZ63VvIf7ndRMT3vspk3FiqCSrRWHCkYnQIgE0ZIoSw2eWYKKYvRWRMVaYGJtT3obgrb+8SVrlkndbqjQqxWo1iyMHl3AFN+DBHVShBnVoAoEneIZXeHOmzovz7nysWrecbOYC/sD5/AH76pDy</latexit>

Q2 � m2
H

<latexit sha1_base64="BtG3z70D3rZKGL0Abs+6/51tmkQ=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSoh5JvHCERD4SWEi3dKGh7W7aroZs+B9ePGiMV/+LN/+NBfag4EsmeXlvJjPzgpgzbVz328ltbe/s7uX3CweHR8cnxdOzto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB9H7hdx6p0iySD2YWU1/gsWQhI9hYadAcVFBfM4HEsD6oDIslt+wugTaJl5ESZGgMi1/9UUQSQaUhHGvd89zY+ClWhhFO54V+ommMyRSPac9SiQXVfrq8eo6urDJCYaRsSYOW6u+JFAutZyKwnQKbiV73FuJ/Xi8x4Z2fMhknhkqyWhQmHJkILSJAI6YoMXxmCSaK2VsRmWCFibFBFWwI3vrLm6RdKXs35WqzWqrVsjjycAGXcA0e3EIN6tCAFhBQ8Ayv8OY8OS/Ou/Oxas052cw5/IHz+QPgiJF3</latexit>

Q2 ⇠ m2
H

<latexit sha1_base64="RMJik08jAj++DyZ3qlu/D2Z45og=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqAcPAS85RjQPSJYwO5lNhsxjmZkVwpJP8OJBEa9+kTf/xkmyB00saCiquunuihLOjPX9b6+wtr6xuVXcLu3s7u0flA+PWkalmtAmUVzpToQN5UzSpmWW006iKRYRp+1ofDfz209UG6bko50kNBR4KFnMCLZOehD9er9c8av+HGiVBDmpQI5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLuOSiyoCbP5qVN05pQBipV2JS2aq78nMiyMmYjIdQpsR2bZm4n/ed3UxjdhxmSSWirJYlGccmQVmv2NBkxTYvnEEUw0c7ciMsIaE+vSKbkQguWXV0nrohpcVS/vLyu12zyOIpzAKZxDANdQgzo0oAkEhvAMr/Dmce/Fe/c+Fq0FL585hj/wPn8AHuqNrw==</latexit>mH

<latexit sha1_base64="qLOVy4fGctmIemzbHVus86HPkc4=">AAAB9HicbVA9TwJBEJ3zE/ELtbTZSEys8I4QtbAgsaGERD4SOMjessCG3b1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g408Z1v52Nza3tnd3MXnb/4PDoOHdy2tBhrAitk5CHqhVgTTmTtG6Y4bQVKYpFwGkzGD/M/eaEKs1C+WimEfUFHko2YAQbK/kdLlGtW7wWvUq32Mvl3YK7AFonXkrykKLay311+iGJBZWGcKx123Mj4ydYGUY4nWU7saYRJmM8pG1LJRZU+8ni6Bm6tEofDUJlSxq0UH9PJFhoPRWB7RTYjPSqNxf/89qxGdz5CZNRbKgky0WDmCMTonkCqM8UJYZPLcFEMXsrIiOsMDE2p6wNwVt9eZ00igXvplCqlfLl+zSODJzDBVyBB7dQhgpUoQ4EnuAZXuHNmTgvzrvzsWzdcNKZM/gD5/MHJZ2RCQ==</latexit>

lnQ2/m2
H

<latexit sha1_base64="0pmk7EeDP2sUiTx82YPLwiP6Zuc=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGqIUFiQ0lJvJhgJC9ZYANu3vn7p4JIfwKGwuNsfXn2PlvXOAKBV8yyct7M5mZF8aCG+v7315mbX1jcyu7ndvZ3ds/yB8e1U2UaIY1FolIN0NqUHCFNcutwGaskcpQYCMc3c78xhNqwyN1b8cxdiQdKN7njFonPchupa3wkfjdfMEv+nOQVRKkpAApqt38V7sXsUSiskxQY1qBH9vOhGrLmcBprp0YjCkb0QG2HFVUoulM5gdPyZlTeqQfaVfKkrn6e2JCpTFjGbpOSe3QLHsz8T+vldj+dWfCVZxYVGyxqJ8IYiMy+570uEZmxdgRyjR3txI2pJoy6zLKuRCC5ZdXSf2iGFwWS3elQvkmjSMLJ3AK5xDAFZShAlWoAQMJz/AKb572Xrx372PRmvHSmWP4A+/zB/iSj9s=</latexit>

mH 6= 0
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Transition Matrix Elements
• Situation in some cases similar to splitting functions, e.g. for         we know:

★ Form at low    :

★ Even Mellin moments up to                
high    constraints.

<latexit sha1_base64="LmcQPbdhE2f+hDddL9cWKMStu6U=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnWYz/</latexit>x

<latexit sha1_base64="LmcQPbdhE2f+hDddL9cWKMStu6U=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnWYz/</latexit>x
<latexit sha1_base64="tjsDbAooZOAPw7hvOpB/ZjOc8s0=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZxXzA5Qh7m71kyd7tsTunhJCfYWOhiK2/xs5/4ya5QhMfDDzem2FmXphKYdB1v53Cyura+kZxs7S1vbO7V94/aBqVacYbTEml2yE1XIqEN1Cg5O1UcxqHkrfC4c3Ubz1ybYRKHnCU8iCm/UREglG0kt+5F/0BUq3VU7dccavuDGSZeDmpQI56t/zV6SmWxTxBJqkxvuemGIypRsEkn5Q6meEpZUPa576lCY25CcazkyfkxCo9EiltK0EyU39PjGlszCgObWdMcWAWvan4n+dnGF0FY5GkGfKEzRdFmSSoyPR/0hOaM5QjSyjTwt5K2IBqytCmVLIheIsvL5PmWdW7qJ7fnVdq13kcRTiCYzgFDy6hBrdQhwYwUPAMr/DmoPPivDsf89aCk88cwh84nz+SO5Fw</latexit>)

to be on the a
(`,0)

ij
expressions, as the rest are not only known [36, 37], but are guaranteed not

to contribute at mass thresholds due to the presence of Lµ. These µ-independent terms can be

decomposed in powers of nf as

a
(3,0)

ij
= a

(3,0), 0

ij
+ nfa

(3,0), 1

ij
, (5.2)

where a number of the nf -dependent and independent terms are known exactly. The nf parts

are however sub-leading and so as a first approximation, are set to zero in this work. In keeping

with the framework set out in Section 4.1 for the N3LO splitting functions, we will make use of

the available known information (even-integer Mellin moments [48] and leading small and large-

x behaviour [47,49–53]) about the heavy flavour transition matrix elements to approximate the

µ-independent contributions a(3,0)
ij

. As discussed above, we make the choice to completely ignore

any terms that do not contribute at mass threshold since not only are these sub-leading but

can also be ignored by explicitly setting µ
2 = m

2

h
.

5.1 3-loop Approximations

AHg

The A
(3)

Hg
function is still under calculation at the time of writing. Currently the first five

even-integer moments are known for the MS scheme A
(3)

Hg
[48], along with the leading small-x

terms [47].

The nf -dependent contribution to the 3-loop unrenormalised AHg transition matrix element

has also been approximated in [47], while all other contributions to A
(3)

Hg
(nf = 0) were already

known. For this approximation we work in the MS scheme using the framework set out in

Section 4.1. We then approximate the function using the set of functions,

f1,2(x) = ln5(1� x) or ln4(1� x) or ln3(1� x) or ln2(1� x)

or ln(1� x),

f3,4(x) = 2� x or 1 or x or x
2
,

f5(x) = ln x or ln2
x,

fe(x, aHg) =

✓
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41984

27
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⇡
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◆
ln 1/x

x
+ aHg

1

x
(5.3)

where aHg is varied as 6000 < aHg < 13000. This variation is chosen from the criteria outlined

in Section 4.1 and is comparable to that chosen in [47]. Fig. 8 displays the approximation

of the MS A
(3)

Hg
with the variation from di↵erent combinations of functions in Equation (5.3)

at the chosen limits of aHg. Comparing with Fig. 3 in [47], we see a slightly larger range of

allowed variation. A small proportion of this di↵erence can be accounted for by the di↵erence

in renormalisation schemes, with the majority of this change being from the di↵erences in the

34
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• We therefore follow a similar procedure as before for this…

to be on the a
(`,0)

ij
expressions, as the rest are not only known [36, 37], but are guaranteed not

to contribute at mass thresholds due to the presence of Lµ. These µ-independent terms can be

decomposed in powers of nf as

a
(3,0)

ij
= a

(3,0), 0

ij
+ nfa

(3,0), 1

ij
, (5.2)

where a number of the nf -dependent and independent terms are known exactly. The nf parts

are however sub-leading and so as a first approximation, are set to zero in this work. In keeping

with the framework set out in Section 4.1 for the N3LO splitting functions, we will make use of

the available known information (even-integer Mellin moments [48] and leading small and large-

x behaviour [47,49–53]) about the heavy flavour transition matrix elements to approximate the

µ-independent contributions a(3,0)
ij

. As discussed above, we make the choice to completely ignore

any terms that do not contribute at mass threshold since not only are these sub-leading but

can also be ignored by explicitly setting µ
2 = m

2

h
.

5.1 3-loop Approximations

AHg

The A
(3)

Hg
function is still under calculation at the time of writing. Currently the first five

even-integer moments are known for the MS scheme A
(3)

Hg
[48], along with the leading small-x

terms [47].

The nf -dependent contribution to the 3-loop unrenormalised AHg transition matrix element

has also been approximated in [47], while all other contributions to A
(3)

Hg
(nf = 0) were already

known. For this approximation we work in the MS scheme using the framework set out in

Section 4.1. We then approximate the function using the set of functions,

f1,2(x) = ln5(1� x) or ln4(1� x) or ln3(1� x) or ln2(1� x)

or ln(1� x),

f3,4(x) = 2� x or 1 or x or x
2
,

f5(x) = ln x or ln2
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where aHg is varied as 6000 < aHg < 13000. This variation is chosen from the criteria outlined

in Section 4.1 and is comparable to that chosen in [47]. Fig. 8 displays the approximation

of the MS A
(3)

Hg
with the variation from di↵erent combinations of functions in Equation (5.3)

at the chosen limits of aHg. Comparing with Fig. 3 in [47], we see a slightly larger range of

allowed variation. A small proportion of this di↵erence can be accounted for by the di↵erence

in renormalisation schemes, with the majority of this change being from the di↵erences in the
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• For other cases (                     ) exact results are known - simply use these.
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Transition Matrix Elements at aN3LO

Following the same general procedure as for the splitting functions.

LHC EW 2022 – Oct. 2022 14

Transition Matrix Elements at aN3LO

Following the same general procedure as for the splitting functions.

LHC EW 2022 – Oct. 2022 14

• A similar picture to 
before builds up.

<latexit sha1_base64="zOExgPFryFH4PS3J+6KrSfodHds=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgqiQxtBVcVNx0WdE+oI1lMp20QycPZyZKifkUNy4UceuXuPNvnLQVVPTAhcM593LvPW7EqJCG8aHllpZXVtfy64WNza3tHb242xZhzDFp4ZCFvOsiQRgNSEtSyUg34gT5LiMdd3Ke+Z1bwgUNgys5jYjjo1FAPYqRVNJAL54NksZNep0kfe7D5mWaDvSSUT6pVSy7Ao2yYVRNy8yIVbWPbWgqJUMJLNAc6O/9YYhjnwQSMyREzzQi6SSIS4oZSQv9WJAI4QkakZ6iAfKJcJLZ6Sk8VMoQeiFXFUg4U79PJMgXYuq7qtNHcix+e5n4l9eLpVdzEhpEsSQBni/yYgZlCLMc4JBygiWbKoIwp+pWiMeIIyxVWgUVwten8H/StspmpWxf2KX66SKOPNgHB+AImKAK6qABmqAFMLgDD+AJPGv32qP2or3OW3PaYmYP/ID29gmTy5Q3</latexit>

APS
Hq

<latexit sha1_base64="1jmMqV0TnAmrajmBtPURTvDfcr0=">AAAB7XicdVBNS8NAEN3Ur1q/qh69LBbBU0hiaCt4qHjpsYJthTaUzXbTrt3sht2NUEL/gxcPinj1/3jz37hpK6jog4HHezPMzAsTRpV2nA+rsLK6tr5R3Cxtbe/s7pX3DzpKpBKTNhZMyNsQKcIoJ21NNSO3iSQoDhnphpOr3O/eE6mo4Dd6mpAgRiNOI4qRNlLncpA1R7NBueLY5/Wq51ehYztOzfXcnHg1/8yHrlFyVMASrUH5vT8UOI0J15ghpXquk+ggQ1JTzMis1E8VSRCeoBHpGcpRTFSQza+dwROjDGEkpCmu4Vz9PpGhWKlpHJrOGOmx+u3l4l9eL9VRPcgoT1JNOF4silIGtYD563BIJcGaTQ1BWFJzK8RjJBHWJqCSCeHrU/g/6Xi2W7X9a7/SuFjGUQRH4BicAhfUQAM0QQu0AQZ34AE8gWdLWI/Wi/W6aC1Yy5lD8APW2yfDEY9C</latexit>

AHg

Approx.

Known!

35



Figure 17: The N3LO GM-VFNS function C
VF, (3)

H,g
compared with the N3LO ZM-VFNS function

C
ZM, (3)

H,g
across a variety of x and Q

2 values. C
VF, (3)

H,g
is parameterised via Equations (6.14), (6.15)

and (6.1). Mass threshold is set at the charm quark level (m2

h
= m

2
c = 1.4 GeV2).

53

Coefficient Functions
• Massless (                ) case known as well as approximations for massive 

close to threshold (                 ). Use this to build up approximate 
GMVFNS prediction.
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2 values. C
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is parameterised via Equations (6.14), (6.15)

and (6.1). Mass threshold is set at the charm quark level (m2
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2
c = 1.4 GeV2).
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Hadronic Collisions
• So far have only consider DIS. What about hadron-hadron collisions as in 

e.g. the LHC?

• Here much less is known about cross sections at N3LO:

★ Higgs - does not go in PDF fit!

★ Drell-Yan - not yet for relevant fiducial cross sections.

• So for now we assume nothing is known about this, and instead include a 
MHO uncertainty ( = approx. N3LO K-factor) on cross sections.

• Do not use scale variations, rather base on known NLO and NNLO:

K-factors at aN3LO

Parameterise the N3LO K-factor as a superposition of both NNLO and
NLO K-factors.

Allows the fit to decide on a shape (based on the shapes of preceding
orders) and an overall magnitude.

K(y) = 1 +
↵s

⇡
D(y) +

⇣
↵s

⇡

⌘2

E(y) +
⇣
↵s
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⌘3

F (y) +O(↵4

s
).

K
N

3
LO/LO = K

NNLO/LO

✓
1 + ↵

3

s
â1

N
2

⇡
D + ↵

3

s
â2

N

⇡2
E

◆
.

Hence default is no correction at N3LO.

Correlated K-factors for each of the 5 processes: DY, Top, Jets (or
Dijets), ZpT and vector boson jets and Dimuon.

â1, â2 could be included as correlated with PDF parameters (incl.
other N3LO theory parameters) or as completely decorrelated from the
inclusive DIS process.
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N3LO 
(unknown)
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K-factors at aN3LO

Parameterise the N3LO K-factor as a superposition of both NNLO and
NLO K-factors.

Allows the fit to decide on a shape (based on the shapes of preceding
orders) and an overall magnitude.
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Hence default is no correction at N3LO.

Correlated K-factors for each of the 5 processes: DY, Top, Jets (or
Dijets), ZpT and vector boson jets and Dimuon.

â1, â2 could be included as correlated with PDF parameters (incl.
other N3LO theory parameters) or as completely decorrelated from the
inclusive DIS process.
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NLO 
(known)

NNLO 
(known)

N3LO 
(unknown)

• Take:

K-factors at aN3LO

Parameterise the N3LO K-factor as a superposition of both NNLO and
NLO K-factors.

Allows the fit to decide on a shape (based on the shapes of preceding
orders) and an overall magnitude.
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Hence default is no correction at N3LO.

Correlated K-factors for each of the 5 processes: DY, Top, Jets (or
Dijets), ZpT and vector boson jets and Dimuon.

â1, â2 could be included as correlated with PDF parameters (incl.
other N3LO theory parameters) or as completely decorrelated from the
inclusive DIS process.
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with          free nuisance parameters.

• Can show that if             is taken then have                       in order to 
match expected trend with increasing orders.

Prior distribution is                  with                .
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a1,2 ⇠ O(1)
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• As expect K-factors to behave ~ similarly between similar 
processes, correlate these between 5 classes of process:

★ Jets ★      ★ Drell Yan ★        and V 
+ jets

★ Neutrino-
induced 
‘dimuon’ DIS
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★ Resulting K-factors: Drell Yan.
Resulting K-factors – Drell Yan Processes.

Predict a 1% decrease in the DY K-factors from NNLO.

In agreement with recent results found using NNLO PDFs with aN3LO
cross section[19].
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• Fit prefers a ~ 1% decrease from 
NNLO to aN3LO.

• This is in nice agreement with 
expectations from exact N3LO 
calculations!

• Implies improved perturbative 
convergence with aN3LO PDFs.

4

Fixed order �pp!�⇤(fb)

LO 339.62+34.06
�37.48

NLO 391.25+10.84
�16.62

NNLO 390.09+3.06
�4.11

N3LO 382.08+2.64
�3.09 [14]

N3LO only qcutT = 0.63 GeV qcutT ! 0 fit [14]

qg �15.32(32) �15.34(54) �15.29

qq̄ + qQ̄ +5.06(12) +5.05(12) +4.97

gg +2.17(6) +2.19(6) +2.12

qq + qQ +0.09(13) +0.09(17) +0.17

Total �7.98(36) �8.01(58) �8.03

TABLE I: Inclusive cross sections with up to N3LO
QCD corrections to Drell-Yan production through
a virtual photon. N3LO results are from the qT -
subtraction method and from the analytic calculation
in [14]. Cross sections at central scale of Q = 100 GeV
are presented together with 7-point scale variation.
Numerical integration errors from qT -subtraction are

indicated in brackets.

NNLOJET and SCET predictions involve logarithms up
to ln6(Q/q

cut
T ), which become explicit in the SCET cal-

culation. The NNLOJET calculation produces the same
large logarithms but with opposite sign, as well as power
suppressed logarithms (qcutT )m lnn(Q/q

cut
T ), where m � 2

and n  6. The physical N3LO total cross section con-
tribution must not depend on the unphysical cuto↵ q

cut
T ;

therefore it is important to choose a su�ciently small qcutT
to suppress such power corrections.

Figure 2 demonstrates the dependence on q
cut
T of the

SCET+NNLOJET predictions is negligible for values be-
low 1 GeV. In fact, for all partonic channels except qg,
the cross section predictions become flat and therefore
reliable already at qcutT ⇠ 5 GeV. It is only the qg chan-
nel that requires a much smaller q

cut
T , indicating more

sizeable power corrections than in other channels.

Also shown in Fig. 2 in dashed lines are the inclusive
predictions from [14], decomposed into di↵erent partonic
channels. We observe an excellent agreement at small-qT
region with a detailed comparison given in Table I. We
present total cross sections at small qcutT value (0.63 GeV)
and results from fitting the next-to-leading power sup-
pressed logarithms with q

cut
T extrapolated to zero. This

agreement provides a fully independent confirmation of
the analytic calculation [14], and lends strong support to
the correctness for our qT -subtraction-based calculation.
We observe large cancellations between qg channel (blue)
and qq̄ channel (orange). While the inclusive N3LO cor-
rection is about �8 fb, the qg channel alone can be as
large as �15.3 fb. Similar cancellations between qg and
qq̄ channel can already be observed at NLO and NNLO.
The numerical smallness of the NNLO corrections (and
of its associated scale uncertainty) is due to these cancel-

FIG. 3: Di-lepton rapidity distribution from LO to
N3LO. The colored bands represent theory uncer-
tainties from scale variations. The bottom panel is
the ratio of the N3LO prediction to NNLO, with dif-

ferent cuto↵ q
cut
T .

lations, which may potentially lead to an underestimate
of theory uncertainties at NNLO.
In Fig. 3, we show for the first time the N3LO pre-

dictions for the Drell-Yan di-lepton rapidity distribution,
which constitutes the main new result of this Letter. Pre-
dictions of increasing perturbative orders up to N3LO
are displayed. We estimate the theory uncertainty band
on our predictions by independently varying µR and µF

around 100 GeV with factors of 1/2 and 2 while elimi-
nating the two extreme combinations (7-point scale vari-
ation). With large QCD corrections from LO to NLO,
the NNLO corrections are only modest and come with
scale uncertainties that are significantly reduced [5, 7, 8].
However, as has been observed for the total cross sec-
tion, the smallness of NNLO corrections is due to cancel-
lations between the qg and qq̄ channels. Indeed, Fig. 3
shows clearly that the N3LO correction is large compared
with NNLO, and that the NNLO scale uncertainty band
fails to overlap with N3LO over the full rapidity range.
It should however be noted that the uncertainties from
PDFs, especially from the missing N3LO e↵ects in their
evolution, can be at the percent level [14], which high-
lights the necessity for a consistent PDF evolution and
extraction at N3LO in the future.
In the bottom panel of Fig. 3, we show the ratio of

the N3LO rapidity distribution to the previously known
NNLO result [7, 8]. As can be seen, the corrections are
about �2% of the NNLO results, and are flat over a
large rapidity range. There is minimal overlap between
the scale uncertainty bands only at large y�⇤ . To test the
numerical stability at N3LO, three values of qcutT are ex-
amined in the bottom panel. We observe the qcutT depen-

X. Chen et al., 
Phys.Rev.Lett. 
128 (2022) 5, 
052001 
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★ Resulting K-factors:        .

• Fit prefers overall increase in 
magnitude from NNLO to N3LO.

• Consistent with approximation 
N3LO calculation.

Resulting K-factors – Top Quark Processes.

Top K-factors see an overall increase in magnitude, consistent with
recent results[20].

Results show a marginally better fit overall.

K-factor for CMS 8 TeV single diff. shown here.
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Figure 2: The total cross sections at LO, NLO, NNLO, and aN3LO for tt̄ production at pp collider
energies.

In Fig. 2 we show the LO, NLO, NNLO, and aN3LO cross sections for pp collider energies
ranging from 5 TeV to 100 TeV. The inset plot displays the K-factors, i.e. the ratios of the NLO,
NNLO, and aN3LO cross sections to the LO ones. All three K-factors increase slowly with collision
energy.

K-factors for tt̄ production in pp collisions
K-factor 5.02 TeV 7 TeV 8 TeV 13 TeV 13.6 TeV 14 TeV 27 TeV 50 TeV 100 TeV
NLO/LO 1.46 1.47 1.48 1.50 1.50 1.50 1.52 1.55 1.58
NNLO/LO 1.64 1.65 1.66 1.67 1.67 1.67 1.69 1.71 1.75
aN3LO/LO 1.71 1.72 1.72 1.72 1.72 1.72 1.73 1.75 1.78
aNLO/NLO 1.02 1.01 1.00 0.99 0.99 0.99 0.97 0.95 0.92

aNNLO/NNLO 1.01 1.01 1.01 1.00 1.00 1.00 1.00 0.99 0.98

Table 2: The K-factors in tt̄ production (with µ = mt) at di↵erent perturbative orders in pp
collisions with various values of

p
S, with mt = 172.5 GeV and MSHT20 NNLO pdf.

In Table 2 we show K-factors for tt̄ production for the same pp-collider energies as in Table 1.
The NLO/LO ratio is large for all energies, indicating large contributions from the NLO corrections.
The NNLO/LO ratio is significantly larger, showing further important contributions from NNLO
corrections. The aN3LO /LO ratio is larger still, indicating further significant contributions from
third-order soft-gluon corrections.
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Figure 2: The total cross sections at LO, NLO, NNLO, and aN3LO for tt̄ production at pp collider
energies.

In Fig. 2 we show the LO, NLO, NNLO, and aN3LO cross sections for pp collider energies
ranging from 5 TeV to 100 TeV. The inset plot displays the K-factors, i.e. the ratios of the NLO,
NNLO, and aN3LO cross sections to the LO ones. All three K-factors increase slowly with collision
energy.

K-factors for tt̄ production in pp collisions
K-factor 5.02 TeV 7 TeV 8 TeV 13 TeV 13.6 TeV 14 TeV 27 TeV 50 TeV 100 TeV
NLO/LO 1.46 1.47 1.48 1.50 1.50 1.50 1.52 1.55 1.58
NNLO/LO 1.64 1.65 1.66 1.67 1.67 1.67 1.69 1.71 1.75
aN3LO/LO 1.71 1.72 1.72 1.72 1.72 1.72 1.73 1.75 1.78
aNLO/NLO 1.02 1.01 1.00 0.99 0.99 0.99 0.97 0.95 0.92

aNNLO/NNLO 1.01 1.01 1.01 1.00 1.00 1.00 1.00 0.99 0.98

Table 2: The K-factors in tt̄ production (with µ = mt) at di↵erent perturbative orders in pp
collisions with various values of

p
S, with mt = 172.5 GeV and MSHT20 NNLO pdf.

In Table 2 we show K-factors for tt̄ production for the same pp-collider energies as in Table 1.
The NLO/LO ratio is large for all energies, indicating large contributions from the NLO corrections.
The NNLO/LO ratio is significantly larger, showing further important contributions from NNLO
corrections. The aN3LO /LO ratio is larger still, indicating further significant contributions from
third-order soft-gluon corrections.
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★ Resulting K-factors: jets.

Figure 24: K-factor expansion up to aN3LO shown for the CMS 7 TeV jets dataset (R = 0.7) [99].
The K-factors shown here are absolute i.e. all with respect to LO (KN

m
LO/LO

8 m 2 {1, 2, 3}).

68

Figure 24: K-factor expansion up to aN3LO shown for the CMS 7 TeV jets dataset (R = 0.7) [99].
The K-factors shown here are absolute i.e. all with respect to LO (KN

m
LO/LO

8 m 2 {1, 2, 3}).

68

• Fairly mild shift from NNLO to N3LO, as one might expect/hope for.
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★ Resulting K-factors: 

Figure 25: K-factor expansion up to aN3LO shown for the ATLAS 8 TeV Z pT dataset [108]. The
K-factors shown here are absolute i.e. all with respect to LO (KN

m
LO/LO

8 m 2 {1, 2, 3}).
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Figure 25: K-factor expansion up to aN3LO shown for the ATLAS 8 TeV Z pT dataset [108]. The
K-factors shown here are absolute i.e. all with respect to LO (KN

m
LO/LO

8 m 2 {1, 2, 3}).

70

• Somewhat larger shift here. Arguably consistent with rather larger lower 
order corrections.

• Note: here (and elsewhere) K-factor is one preferred by fit      may be 
tendency for this to lie towards ‘all orders’ result. Important when 
interpreting wrt perturbative stability.
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Fit Quality

The overall �
2 follows the general trend one may expect from

perturbation theory.

LO NLO NNLO N3LO
�
2

Npts
2.57 1.33 1.17 1.14

Evidence that including aN3LO has reduced tensions between small
and large-x.

�
2 reduction is mostly

due to new theory, not
just from K-factors included
in fit.

Average penalty for included
20 aN3LO parameters is
0.46.
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• Using the results above, perform aN3LO fit to exactly same dataset as 
MSHT20 NNLO global fit.

• Start with total       per point. General trend for improvement at aN3LO, as 
we would expect from pQCD. Corresponds to                  from NNLO.
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• Some of this improvement comes from additional freedom in LHC K-factors. 
However:

★ Over half remains if we turn these off.

★ We have seen for DY +       that these follow 
what we could expect from pQCD calculations.
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tt

• Key point: much of theory changes are not centred on NNLO. Can depart 
quite strongly from this due to known information about N3LO. The fit is 
preferring this!
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• Breaking things down more:
Global Fit Quality at aN3LO

We see a reduction in
�
2 from NNLO across all

datasets (��
2 = �160

for 20 extra parameters).

ATLAS 8 TeV Z pT [18]
sees a huge reduction in
�
2.

This is a similar reduction
found at NNLO when
HERA datasets were not
included [1].

In the aN3LO fit, we also
see an improvement in
the fit to HERA data.
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• Significant improvement in DIS - driven by N3LO input.

• Also large improvement in `      Jets’ - driven by ATLAS 8 TeV           data: 
from 1.81 to 1.04 per point (104 points).

•           constrains high     gluon, and similar level of improvement found if we 
exclude HERA DIS from NNLO fit, i.e. aN3LO is alleviating tension 
between low and high     regions.

• Milder improvement in      and DY. Interestingly inclusive jet data actually 
gets worse - issues with fitting inclusive jet data?
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Nuisance parameters
Low-Q2 Coe�cient
c
NLL

q
= �3.868 0.004 c

NLL

g
= �5.837 0.844

Transition Matrix Elements
aHg = 12214.000 0.601 a

NS

qq,H
= �64.411 0.001

agg,H = �1951.600 0.857
Splitting Functions

⇢
NS

qq
= 0.007 0.000 ⇢gq = �1.784 0.802

⇢
PS

qq
= �0.501 0.186 ⇢gg = 19.245 3.419

⇢qg = �1.754 0.015
K-factors

DYNLO = �0.307 0.094 DYNNLO = �0.230 0.053
Top

NLO
= 0.041 0.002 Top

NNLO
= 0.651 0.424

JetNLO = �0.300 0.090 JetNNLO = �0.691 0.478
pTJetsNLO = 0.583 0.339 pTJetsNNLO = �0.080 0.006

DimuonNLO = �0.444 0.197 DimuonNNLO = 0.922 0.850
N3LO Penalty Total 9.262 / 20 Average Penalty 0.463

Total 4961.2 / 4363
��

2 from NNLO �160.1

Table 8: (Continued) Full breakdown of �2 results for the aN3LO PDF fit. The global fit includes the
N3LO treatment for transition matrix elements, coe�cient functions, splitting functions and K-factor
additions with their variational parameters determined by the fit.

even further justification for the inclusion of the N3LO theory. The extra N3LO additions are

allowing the large-x behaviour of the PDFs to be less dominated by data at small-x, while also

producing a better fit quality at small-x (i.e. for HERA data).

Reflecting on the chosen prior distributions for each of the sources of N3LO MHOUs, Table 8

confirms that no especially large penalties are being incurred in this new description. These

results therefore demonstrate that the fit is succeeding in leveraging contributions (such as P (3)

qq

and P
(3)

qg in the quark evolution part of Equation (3.3)) to produce a better overall fit.

DIS Processes

To complement the discussions in Section 7, we isolate the �2 results from DIS data in Table 9.

This data is directly a↵ected by the N3LO structure functions constructed approximately in

Section’s 3 to 6. A substantial decrease in the total �2 from NNLO is observed across DIS

datasets. Considering the results in Table 9 in the context of Table’s 2 to 7, a better fit

quality is observed for all DIS and non-DIS datasets than at NNLO with the inclusion of N3LO

contributions. As the DIS data makes up over half of the total data included in a global fit, it

is the dominant force in deciding the overall form of the PDFs, especially at small-x (discussed

further in Section 8.4). Table 9 further reinforces the point that the N3LO description is

flexible enough to fit to HERA and non-HERA data, without being largely constrained by

tensions between the small-x (HERA dominated) and large-x (non-HERA dominated) regions.

78

• Average penalty for 20 aN3LO parameters is 0.46, i.e. on average fit prefers 
values well within prior.
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PDFs

• Most noticeable difference: gluons and quarks larger at low     .

Figure 34: General forms of NNLO (top) and aN3LO (bottom) PDFs at low (left) and high (right)
Q

2. Several main features can be compared and contrasted such as the marked increase in the gluon
and charm at small-x (note the di↵erence in y-axis scale between NNLO (top) and aN3LO (bottom)).
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NNLO aN3LO

• Broad picture:
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• In more detail…
47



Figure 36: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated (Hij+Kij) and correlated (H 0

ij
)K-factor parameters, compared to NNLO 68% confidence

intervals. Also shown are the central values at NNLO when fit to all non-HERA datasets which
show similarities with N3LO in the large-x region of selected PDF flavours. All plots are shown for
Q

2 = 104 GeV2.

as the more recent results. However, SeaQuest results suggest a preference for a higher d at

large-x, therefore including this data may in fact help constrain the high-x d behaviour seen

here.

Fig.’s 37 and 38 express the aN3LO PDFs with decorrelated (green shaded region) and

correlated (red dashed lines) aN3LO K-factors at low and high-Q2 respectively (again with the

bottom quark provided at Q2 = 25 GeV2 at low-Q2) as a ratio to the N3LO central value. For

comparison we also include the level of uncertainty predicted with all N3LO theory fixed (blue

shaded region) i.e. only considering the variation without N3LO theoretical uncertainty.

Comparing the two di↵erent aN3LO sets in Fig.’s 37 and 38, in general there is good

agreement between the total uncertainties considering the cases with correlated (red dash)

and decorrelated (green shaded) aN3LO K-factors. The di↵erences that are apparent between
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Fig.’s 37 and 38 express the aN3LO PDFs with decorrelated (green shaded region) and

correlated (red dashed lines) aN3LO K-factors at low and high-Q2 respectively (again with the
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comparison we also include the level of uncertainty predicted with all N3LO theory fixed (blue

shaded region) i.e. only considering the variation without N3LO theoretical uncertainty.

Comparing the two di↵erent aN3LO sets in Fig.’s 37 and 38, in general there is good

agreement between the total uncertainties considering the cases with correlated (red dash)

and decorrelated (green shaded) aN3LO K-factors. The di↵erences that are apparent between
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•  Gluon enhanced at low    
due to large logs in splitting 
functions.

• But also reduced at            
due to reduction in        and 
compensation for increased 
gluon at low     .

•  Charm (generated 
perturbatively) increased due 
to increase in gluon at low    
and change in          .
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Figure 36: High-Q2 ratio plots showing the aN3LO 68% confidence intervals with decorrelated
(Hij +Kij) and correlated (H 0

ij
) K-factor parameters, compared to NNLO 68% confidence intervals.

Also shown are the central values at NNLO when fit to all non-HERA datasets which show similarities
with N3LO in the large-x region of selected PDF flavours. All plots are shown for Q2 = 104 GeV2.
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Figure 36: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated (Hij+Kij) and correlated (H 0

ij
)K-factor parameters, compared to NNLO 68% confidence
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large-x, therefore including this data may in fact help constrain the high-x d behaviour seen

here.
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Comparing the two di↵erent aN3LO sets in Fig.’s 37 and 38, in general there is good

agreement between the total uncertainties considering the cases with correlated (red dash)

and decorrelated (green shaded) aN3LO K-factors. The di↵erences that are apparent between
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• Strange quark enhanced at 
high     .

• Follows the NNLO (no 
HERA) rather closely - 
reduced tensions.
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• Other PDFs…

Figure 36: High-Q2 ratio plots showing the aN3LO 68% confidence intervals with decorrelated
(Hij +Kij) and correlated (H 0

ij
) K-factor parameters, compared to NNLO 68% confidence intervals.

Also shown are the central values at NNLO when fit to all non-HERA datasets which show similarities
with N3LO in the large-x region of selected PDF flavours. All plots are shown for Q2 = 104 GeV2.
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correlated (red dashed lines) aN3LO K-factors at low and high-Q2 respectively (again with the

bottom quark provided at Q2 = 25 GeV2 at low-Q2) as a ratio to the N3LO central value. For

comparison we also include the level of uncertainty predicted with all N3LO theory fixed (blue

shaded region) i.e. only considering the variation without N3LO theoretical uncertainty.

Comparing the two di↵erent aN3LO sets in Fig.’s 37 and 38, in general there is good

agreement between the total uncertainties considering the cases with correlated (red dash)
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• Recall we have added in additional freedom via aN3LO nuisance parameters:

PDFs - theoretical uncertainty

<latexit sha1_base64="cvWSftUrHiAFn9Nfw6DPuPLMwFA=">AAAB/nicdVBdSwJBFJ21L7MvK3rqZUjCIJBdW9SgQOilRwNNQReZHWd1cPaDmbuBLEJ/pZceiui139Fb/6ZZNaioAxcO59zLvfe4keAKTPPDyCwtr6yuZddzG5tb2zv53b1bFcaSshYNRSg7LlFM8IC1gINgnUgy4ruCtd3xVeq375hUPAyaMImY45NhwD1OCWipnz9oFvElbvbNIj7FPRgxIEUc9/MFs3Req5TtCjZLplm1ylZKylX7zMaWVlIU0AKNfv69Nwhp7LMAqCBKdS0zAichEjgVbJrrxYpFhI7JkHU1DYjPlJPMzp/iY60MsBdKXQHgmfp9IiG+UhPf1Z0+gZH67aXiX143Bq/mJDyIYmABnS/yYoEhxGkWeMAloyAmmhAqub4V0xGRhIJOLKdD+PoU/09uyyWrUrJv7EL9YhFHFh2iI3SCLFRFdXSNGqiFKErQA3pCz8a98Wi8GK/z1oyxmNlHP2C8fQKfC5Nd</latexit>

T 0 = T 0
0 + ✓0u

N3LO 
theory

N3LO 
(central)

Allowed 
variation

Theoretical Uncertainties in a Global PDF Fit

• Do we need to wait for a full description of the next order to be able to use the knowledge 
we have?


• Can attempt to parameterise the higher order effects with a nuisance parameter defined 
by a prior probability distribution[12].


• Allow the fit to move these N3LO parameters (with a penalty attached to ensure we stay 
close to the behaviour already known).

3

P(θ′ ) = 1
2πσθ′ 

exp(−θ′ 2/2σ2
θ′ 
)

P(T |D) ∝ exp (− 1
2 (T − D)TH0(T − D))

P(T |D) ∝ exp (− 1
2 M−1(θ′ − θ′ )2 − 1

2 (T′ − D)TH(T′ − D))

• With these alterations, we follow the same 
practice as set out in the MSHT20 NNLO PDF fit 
- the exact same global fit is done.

• This will also impact on PDF uncertainties - an additional uncertainty due to 
unknown higher order corrections:Using Equation (2.14) we are finally able to rewrite Equation (2.8) as,

P (T 0
|D) /

Z
d✓

0 exp

✓
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2
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�1(✓0 � ✓
0
)2 �

1

2
(T 0

�D)T (H�1

0
+ uu

T )�1(T 0
�D)

◆
. (2.15)

At this point we can make a choice whether to redefine our Hessian matrix as H = (H�1

0
+

uu
T )�1, or keep the contributions completely separate. By redefining the Hessian we can

include correlations between the standard set of MSHT parameters included in H0 and the new

theoretical parameter ✓0 contained within uu
T . However, by doing so we lose information about

the specific contributions to the total uncertainty i.e. we cannot then decorrelate the theoretical

and standard PDF uncertainties a posteriori. Whereas for the decorrelated choice, although

we sacrifice knowledge related to the correlations between the separate sources of uncertainty,

we are able to treat the sources completely separably. Interpreting Equation (2.15) as in

Equation (2.1) we can write down the two �
2 contributions,

�
2

1
= (T 0

�D)T (H�1

0
+ uu

T )�1(T 0
�D) = (T 0

�D)TH(T 0
�D), (2.16)

�
2

2
= M

�1(✓0 � ✓
0
)2. (2.17)

Where �2

1
is the contribution from the fitting procedure and �

2

2
is the new penalty contribution

applied when the theory addition strays too far from its original ‘best guess’ central value. This

will be discussed further in following sections.

2.2 Multiple Theory Parameters

In the case of multiple N✓0 theory parameters, Equation (2.5) becomes
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where we have explicitly included the sum over the number of data points Npts in the matrix

calculation for completeness.

The prior probability for all N3LO nuisance parameters also becomes

P (✓0) =

N✓0Y

↵=1

1
p
2⇡�✓0↵

exp(�✓
0 2

↵
/2�2

✓0↵
). (2.19)

8

Additional uncertainty

• In principle uncertainty from these is correlated with other (experimental) 
PDF uncertainties.

• However for K-factors find these largely separate out: can provide separately 
with little loss in accuracy.
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Figure 38: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated and correlated K-factor parameters, compared to the aN3LO central value. Also shown
are the central values at aN3LO when fit to all non-HERA datasets and the central values with all
K-factors set at NNLO. All plots are shown for Q2 = 104 GeV2.

As the fit now resides in a di↵erent �2 landscape where a best fit has been achieved through

fitting the N3LO theory, fixing the aN3LO theory parameters is likely to have a substantial

e↵ect across all PDFs.

An important point made by Fig.’s 37 and 38 is that that the di↵erence between the decor-

related and correlated cases is much smaller than the di↵erence of not including theoretical

uncertainties at all (blue shaded region). This analysis therefore provides evidence to support

the original assumption of being able to decorrelate the cross section (aN3LO K-factors) and

PDF theory (including other N3LO theory).

Along with the separate cases of uncertainty illustrated in Fig.’s 37 and 38, we also display

the central values of an aN3LO fit to all non-HERA data and an aN3LO fit with NNLO K-

factors. Examining the form of the no HERA aN3LO PDFs for x > 10�2, we show some

agreement with the standard N3LO central value across most PDFs (more so at high-Q2 than

104

Figure 38: High-Q2 ratio plots showing the aN3LO 68% confidence intervals with decorrelated and
correlated K-factor parameters, compared to the aN3LO central value. Also shown are the central
values at aN3LO when fit to all non-HERA datasets and the central values with all K-factors set at
NNLO. All plots are shown for Q2 = 104 GeV2.
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• Gluon uncertainty most 
affected - increased at low   
due to larger uncertainty in 
splitting functions.

• Some increase in light 
quarks at low    .

• But at high     impact tiny     
- much more known here 
and uncertainty lower.
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• Correlated and decorrelated 
errors very similar.
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↵S(M2

Z
) and mc at aN3LO

Both and show a quadratic behaviour
around their respective minima.

Best fit is ↵S(M2

Z
) = 0.1170.

MSHT20 NNLO: ↵S(M2

Z
) = 0.1174 ±

0.0013.

MSHT20 NLO: ↵S(M2

Z
) = 0.120 ±

0.0015.

Best fit mc ⇠ 1.45 GeV.

Both these results suggest that the fit
is preferring a slight suppression of
the PDFs, particularly the enhanced
gluon and charm.

The aN3LO ↵S(M2

Z
) result overlaps

with the NNLO world average within
uncertainties.
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Strong Coupling

• Can also allow         to be free in fit. Find for best fit:

↵S(M2

Z
) and mc at aN3LO

Both and show a quadratic behaviour
around their respective minima.

Best fit is ↵S(M2

Z
) = 0.1170.

MSHT20 NNLO: ↵S(M2

Z
) = 0.1174 ±

0.0013.

MSHT20 NLO: ↵S(M2

Z
) = 0.120 ±

0.0015.

Best fit mc ⇠ 1.45 GeV.

Both these results suggest that the fit
is preferring a slight suppression of
the PDFs, particularly the enhanced
gluon and charm.

The aN3LO ↵S(M2

Z
) result overlaps

with the NNLO world average within
uncertainties.
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• Consistent with world average.
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Implications for the Higgs
• Higgs via gg fusion: reasonable shift down induced due to change in gluon.

• Perturbative convergence improved once aN3LO PDFs used. This 
cancellation not guaranteed (not driven by e.g. change in        ).

� order PDF order � +��+ ���� (pb) � (pb) + ��+ ���� (%)
PDF uncertainties

N3LO

aN3LO (no theory unc.) 45.296 + 0.723� 0.545 45.296 + 1.60%� 1.22%
aN3LO (Hij +Kij) 45.296 + 0.832� 0.755 45.296 + 1.84%� 1.67%

aN3LO (H 0
ij
) 45.296 + 0.821� 0.761 45.296 + 1.81%� 1.68%

NNLO 47.817 + 0.558� 0.581 47.817 + 1.17%� 1.22%
NNLO NNLO 46.206 + 0.541� 0.564 46.206 + 1.17%� 1.22%

PDF + Scale uncertainties

N3LO

aN3LO (no theory unc.) 45.296 + 0.723� 1.851 45.296 + 1.60%� 4.09%
aN3LO (Hij +Kij) 45.296 + 0.832� 1.923 45.296 + 1.84%� 4.25%

aN3LO (H 0
ij
) 45.296 + 0.821� 1.926 45.296 + 1.81%� 4.25%

NNLO 47.817 + 0.577� 2.210 47.817 + 1.21%� 4.62%
NNLO NNLO 46.206 + 4.284� 5.414 46.206 + 9.27%� 11.72%

Table 13: Higgs production cross section results via gluon fusion (with
p
s = 13 TeV) using N3LO

and NNLO hard cross sections combined with NNLO and aN3LO PDFs. All PDFs are at the standard
choice ↵s(mZ) = 0.118. These results are found with µ = mH/2 unless stated otherwise, with the
values for µ = mH supplied in Table D.1.

Figure 45: Higgs production cross section results via gluon fusion (with
p
s = 13 TeV) at two

central scales: µ = mH/2 (left) and µ = mH (right). Displayed are the results for aN3LO PDFs with
decorrelated K-factors ((Hij+Kij)�1), correlated K-factors (H 0 �1

ij
= (Hij+Kij)�1) each with a scale

variation band from varying µr by a factor of 2. In the NNLO and NLO PDF cases, both scales µf

and µr are varied by a factor of 2 following the 9-point convention [11].
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Higgs predictions at N3LO with Theoretical Uncertainty.

Good agreement between NNLO and
aN3LO for gluon fusion (top).

Cancellation between N3LO cross
section and PDFs not automatic.

Less cancellation for VBF (bottom).

However variation between orders is
smaller for VBF cross-section.

LHC EW 2022 – Oct. 2022 27

• Higgs via VBF: less cancellation although here variation between orders is 
smaller.
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Dijet Data

Dijet data at aN3LO – preliminary.

Fit quality to dijet data at NNLO shows an improvement from inclusive
jet data.

Particularly better fit to Z pT data, slightly worse fit to top data.

Fit quality is also better when fitting to dijet data at aN3LO, and dijet data
improves at aN3LO, unlike inclusive jets.

Fit quality to all other data (incl. Z pT and top datasets) becomes
marginally better ��

2
⇠ �20

LHC EW 2022 – Oct. 2022 29

• Try fitting (2D and 3D) dijet data rather than inclusive jets. 

• Recall fit quality to inclusive jets worse from NNLO at aN3LO.

• For dijets this is no longer the case! Improvement in going to aN3LO 
and also in overall fit to other data.

Preliminary

• Impact on PDFs similar (not identical). Closer at aN3LO.
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Low     and resummation
• Interesting to observe that impact on gluon and improvement in fit 

quality to HERA DIS data rather similar to earlier fits including low    
resummation.
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NLO NLO+NLLx NNLO NNLO+NLLx

NMC 1.35 1.35 +1 1.30 1.33 +9
SLAC 1.16 1.14 �1 0.92 0.95 +2
BCDMS 1.13 1.15 +12 1.18 1.18 +3
CHORUS 1.07 1.10 +20 1.07 1.07 �2
NuTeV dimuon 0.90 0.84 �5 0.97 0.88 �7

HERA I+II incl. NC 1.12 1.12 -2 1.17 1.11 �62
HERA I+II incl. CC 1.24 1.24 - 1.25 1.24 �1
HERA �

NC
c 1.21 1.19 �1 2.33 1.14 �56

HERA F
b
2 1.07 1.16 +3 1.11 1.17 +2

DY E866 �
d
DY/�

p
DY 0.37 0.37 - 0.32 0.30 -

DY E886 �
p 1.06 1.10 +3 1.31 1.32 -

DY E605 �
p 0.89 0.92 +3 1.10 1.10 -

CDF Z rap 1.28 1.30 - 1.24 1.23 -
CDF Run II kt jets 0.89 0.87 �2 0.85 0.80 �4
D0 Z rap 0.54 0.53 - 0.54 0.53 -
D0 W ! e⌫ asy 1.45 1.47 - 3.00 3.10 +1
D0 W ! µ⌫ asy 1.46 1.42 - 1.59 1.56 -

ATLAS total 1.18 1.16 �7 0.99 0.98 �2
ATLAS W,Z 7 TeV 2010 1.52 1.47 - 1.36 1.21 �1
ATLAS HM DY 7 TeV 2.02 1.99 - 1.70 1.70 -
ATLAS W,Z 7 TeV 2011 3.80 3.73 �1 1.43 1.29 �1
ATLAS jets 2010 7 TeV 0.92 0.87 �4 0.86 0.83 �2
ATLAS jets 2.76 TeV 1.07 0.96 �6 0.96 0.96 -
ATLAS jets 2011 7 TeV 1.17 1.18 - 1.10 1.09 �1
ATLAS Z pT 8 TeV (pllT ,Mll) 1.21 1.24 +2 0.94 0.98 +2
ATLAS Z pT 8 TeV (pllT , yll) 3.89 4.26 +2 0.79 1.07 +2
ATLAS �

tot
tt 2.11 2.79 +2 0.85 1.15 +1

ATLAS tt̄ rap 1.48 1.49 - 1.61 1.64 -

CMS total 0.97 0.92 �13 0.86 0.85 �3
CMS Drell-Yan 2D 2011 0.77 0.77 - 0.58 0.57 -
CMS jets 7 TeV 2011 0.88 0.82 �9 0.84 0.81 �3
CMS jets 2.76 TeV 1.07 0.98 �7 1.00 1.00 -
CMS Z pT 8 TeV (pllT , yll) 1.49 1.57 +1 0.73 0.77 -
CMS �

tot
tt 0.74 1.28 +2 0.23 0.24 -

CMS tt̄ rap 1.16 1.19 - 1.08 1.10 -

Total 1.117 1.120 +11 1.130 1.100 �121

Table 4.2. Same as Table 4.1, now for the global NNPDF3.1sx NLO, NLO+NLLx, NNLO and
NNLO+NLLx fits, corresponding to the baseline value of Hcut = 0.6 for the cut to the hadronic data.
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DIS Dataset �
2 ��

2 ��
2 from NNLO

from NNLO (NNLO K-factors)
BCDMS µp F2 [132] 174.4 / 163 �5.8 �5.6
BCDMS µd F2 [132] 144.3 / 151 �1.7 +0.6
NMC µp F2 [133] 121.5 / 123 �2.6 �3.8
NMC µd F2 [133] 104.2 / 123 �8.4 �11.5

SLAC ep F2 [134,135] 31.6 / 37 �0.4 �0.0
SLAC ed F2 [134,135] 22.8 / 38 �0.2 �0.8

E665 µp F2 [136] 63.9 / 53 +4.2 +4.5
E665 µd F2 [136] 67.5 / 53 +2.9 +2.5

NuTeV ⌫N F2 [137] 35.7 / 53 �2.6 �1.3
NuTeV ⌫N xF3 [137] 34.8 / 42 +4.1 +2.1
NMC µn/µp [138] 131.6 / 148 +0.8 +2.2

HERA ep F
charm

2
[139] 143.7 / 79 +11.4 +13.8

NMC/BCDMS/SLAC/HERA
FL [132,133,135,140–142]

45.6 / 57 �22.9 �23.2

CHORUS ⌫N F2 [143] 29.2 / 42 �1.0 �0.8
CHORUS ⌫N xF3 [143] 18.1 / 28 �0.3 �0.5
HERA e

+
p CC [144] 49.7 / 39 �2.3 �1.0

HERA e
�
p CC [144] 64.9 / 42 �5.3 �4.9

HERA e
+
p NC 820 GeV [144] 84.3 / 75 �5.6 �5.1

HERA e
�
p NC 460 GeV [144] 247.7 / 209 �0.6 �0.7

HERA e
+
p NC 920 GeV [144] 474.0 / 402 �38.7 �36.4

HERA e
�
p NC 575 GeV [144] 248.5 / 259 �14.5 �14.1

HERA e
�
p NC 920 GeV [144] 243.0 / 159 �1.4 �2.1

Total 2580.9 / 2375 �90.8 �86.2

Table 9: Table showing the relevant DIS datasets and how the individual �2 changes from NNLO
by including the N3LO contributions to the structure function F2(x,Q2). The result within purely
NNLO K-factors included for all data in the fit is also given.

8.2 Correlation Results

The correlation matrix shown in Fig. 28 illustrates the correlations between extra N3LO theory

parameters and the subset of the MSHT20 parameters which are included in the construction

of Hessian eigenvectors (see Section 8.3 and [3] for details). It is apparent that the correlations

between K-factor parameters for each process (shown in green) and other PDF and theory

parameters are usually small, with some exceptions e.g. for the TopNLO parameter. Due to

this there is an argument that each process’ K-factor parameters could be treated separately

from all other parameters in the Hessian prescription (see Section 4.1) which allows for a more

flexible PDF set that can be decorrelated from a process. By using the uncorrelated Hessian

results for a process NNLO hard cross sections can be transformed to aN3LO and therefore

provide more reliable predictions (more details in Section 10). This is a fairly intuitive result,

since most correlations are showing a natural separation between the process dependent and
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aN3LO Resummation
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NNPDF31sx global, Q = 100 GeV
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Figure 4.8. Comparison of the NNPDF3.1sx NNLO and NNLO+NLLx global fits at Q = 100 GeV. We
show the gluon PDF and the charm, up, and down quark PDFs, normalized to the central value of the
baseline NNLO fit.
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Figure 36: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated (Hij+Kij) and correlated (H 0

ij
)K-factor parameters, compared to NNLO 68% confidence

intervals. Also shown are the central values at NNLO when fit to all non-HERA datasets which
show similarities with N3LO in the large-x region of selected PDF flavours. All plots are shown for
Q

2 = 104 GeV2.

as the more recent results. However, SeaQuest results suggest a preference for a higher d at

large-x, therefore including this data may in fact help constrain the high-x d behaviour seen

here.

Fig.’s 37 and 38 express the aN3LO PDFs with decorrelated (green shaded region) and

correlated (red dashed lines) aN3LO K-factors at low and high-Q2 respectively (again with the

bottom quark provided at Q2 = 25 GeV2 at low-Q2) as a ratio to the N3LO central value. For

comparison we also include the level of uncertainty predicted with all N3LO theory fixed (blue

shaded region) i.e. only considering the variation without N3LO theoretical uncertainty.

Comparing the two di↵erent aN3LO sets in Fig.’s 37 and 38, in general there is good

agreement between the total uncertainties considering the cases with correlated (red dash)

and decorrelated (green shaded) aN3LO K-factors. The di↵erences that are apparent between

100
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Interpretation/Usage

★ If N3LO cross sections are known, use aN3LO PDF + their 
theoretical uncertainties.

★ For DIS processes advised to use aN3LO PDF with aN3LO 
coefficient functions.

★ For any processes included in fit we provide full details of fitted K-
factors.

★ For processes not included in fit, the change between using NNLO 
and N3LO can be taken as a corresponding uncertainty.

• We assume for now that dominant MHO uncertainty is from missing 
N3LO. However fit can pick up corrections beyond this.

•  Can update in future to account for more N3LO information as it 
comes in. At some point as this becomes more constrained can update 
procedure to include uncertainty from N4LO (in principle!).

• Recommendation for usage:
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Summary and Outlook
★ As precision of data continues to improve and we continue to stress test 

the SM as precisely as possible essential to account for all sources of 
uncertainty in PDFs.

★ Have presented first aN3LO PDF set release: MSHT20aN3LO. Can be 
used where N3LO is known or where it is not to evaluate uncertainty 
due to missing higher orders in fit.

★ Provides intuitive and controllable way to include theoretical 
uncertainties in PDF fit but also use all available information about 
higher order.

★ PDFs as LHAPDF grids are available here:
<latexit sha1_base64="kaem1//CB0B5ueFhRND8cBqKfco=">AAACCXicbVDJSgNBEO2JW4zbqEcvjUHwNJmRoJ4k4MVjBLNAEkJPp5I06VnorjGGIVcv/ooXD4p49Q+8+Td2loMmPih4vFdFVT0/lkKj635bmZXVtfWN7GZua3tnd8/eP6jqKFEcKjySkar7TIMUIVRQoIR6rIAFvoSaP7ie+LV7UFpE4R2OYmgFrBeKruAMjdS2aRPhARHT4XDo9CF2Ei4dxp1kUAh0Hwvjtp13HXcKuky8OcmTOcpt+6vZiXgSQIhcMq0bnhtjK2UKBZcwzjUTDTHjA9aDhqEhC0C30uknY3pilA7tRspUiHSq/p5IWaD1KPBNZ8Cwrxe9ifif10iwe9lKRRgnCCGfLeomkmJEJ7HQjlDAUY4MYVwJcyvlfaYYRxNezoTgLb68TKpnjnfuFG+L+dLVPI4sOSLH5JR45IKUyA0pkwrh5JE8k1fyZj1ZL9a79TFrzVjzmUPyB9bnD6yBmk0=</latexit>

www.hep.ucl.ac.uk/msht/

★ Stay tuned for further studies!
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