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R. P. Feynman, Closed Loop And Tree Diagrams. (talk), 
Magic Without Magic: J. A. Wheeler, A Collection of Essays in Honor of his Sixtieth 
Birthday. Edited by John R. Klauder, 1972, p.355     
In *Brown, L.M. (ed.): Selected papers of Richard Feynman* 867-887

GRAVITY INSPIRED (QUANTUM THEORY OF GRAVITATION, 1963)
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NOT ENOUGH ROOM IN FOUR SPACE-TIME DIMENSIONS

Ultraviolet singularities (UV)

soft singularities (IR)

and threshold singularities,  
integrable but numerically unstable

‣ SM/BSM extrapolated to infinite energy (zero distance) in 
loop corrections   

‣ Quantum state with N partons       quantum state with zero 
energy emission of extra patrons 

‣ Partons can be emitted in exactly the same direction

≠

≫ MPlank

WEAKNESSES OF QFT

in four space-time dimensions 
        in dimensional regularization1/ϵ

collinear singularities (IR)
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KEEP SPACE-TIME IN FOUR DIMENSIONS

▸ LTD: open loops to trees 
▸ FDU: mapping of V ▶︎R kinematics 

LOCAL SUBTRACTION IN THE UV
UNSUBTRACTION IN THE IR

‣ Integrand cancellation of singularities in d=4 space-time 
dimensions 

‣ V+R simultaneous: 
‣ More efficient event generators 

‣ LTD suitable for amplitudes, FDU aimed at physical observ. 
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IT´S ALL ABOUT THE TINY +I0 FROM 

▸ MATH: the +i0 is a small quantity usually ignored, assuming that 
the analytical continuation to the physical kinematics is well 
defined 

▸ PHYS: the +i0 encodes  CAUSALITY | positive frequencies are 
propagated forward in time, and negative backward

GF (qi) =
1

q2i �m2
i + i0

<latexit sha1_base64="RvoDr9usgOY6wK9mnEZtvZVp1fg=">AAACInicbVDLSgMxFM3UV62vUZdugqVQEUumCLoRi4K6rGAf0NYhk2ba0MzDJCOUYf5Gf0bdiLoQ/BgzdRZaexbh3HvOhZzjhJxJhdCnkZubX1hcyi8XVlbX1jfMza2mDCJBaIMEPBBtB0vKmU8biilO26Gg2HM4bTmj81Rv3VMhWeDfqHFIex4e+MxlBCu9ss3TS/uifGezPXgCu67AJLaSWM+31QMvffcZSkrmTMVkECW2WUQVNAH8T6yMFEGGum2+dPsBiTzqK8KxlB0LhaoXY6EY4TQpdCNJQ0xGeEA7mvrYo7IXT4ImsOQGAqohhZP5tzfGnpRjz9EeD6uhnNbS5SytEyn3uBczP4wU9Ym2aM2NOFQBTPuCfSYoUXysCSaC6V9CMsS6DqVbLej41nTY/6RZrVioYl0fFmtnWRF5sAN2QRlY4AjUwBWogwYg4BE8g3fwYTwYT8ar8fZjzRnZzTb4A+PrG8d8oT4=</latexit><latexit sha1_base64="RvoDr9usgOY6wK9mnEZtvZVp1fg=">AAACInicbVDLSgMxFM3UV62vUZdugqVQEUumCLoRi4K6rGAf0NYhk2ba0MzDJCOUYf5Gf0bdiLoQ/BgzdRZaexbh3HvOhZzjhJxJhdCnkZubX1hcyi8XVlbX1jfMza2mDCJBaIMEPBBtB0vKmU8biilO26Gg2HM4bTmj81Rv3VMhWeDfqHFIex4e+MxlBCu9ss3TS/uifGezPXgCu67AJLaSWM+31QMvffcZSkrmTMVkECW2WUQVNAH8T6yMFEGGum2+dPsBiTzqK8KxlB0LhaoXY6EY4TQpdCNJQ0xGeEA7mvrYo7IXT4ImsOQGAqohhZP5tzfGnpRjz9EeD6uhnNbS5SytEyn3uBczP4wU9Ym2aM2NOFQBTPuCfSYoUXysCSaC6V9CMsS6DqVbLej41nTY/6RZrVioYl0fFmtnWRF5sAN2QRlY4AjUwBWogwYg4BE8g3fwYTwYT8ar8fZjzRnZzTb4A+PrG8d8oT4=</latexit><latexit sha1_base64="RvoDr9usgOY6wK9mnEZtvZVp1fg=">AAACInicbVDLSgMxFM3UV62vUZdugqVQEUumCLoRi4K6rGAf0NYhk2ba0MzDJCOUYf5Gf0bdiLoQ/BgzdRZaexbh3HvOhZzjhJxJhdCnkZubX1hcyi8XVlbX1jfMza2mDCJBaIMEPBBtB0vKmU8biilO26Gg2HM4bTmj81Rv3VMhWeDfqHFIex4e+MxlBCu9ss3TS/uifGezPXgCu67AJLaSWM+31QMvffcZSkrmTMVkECW2WUQVNAH8T6yMFEGGum2+dPsBiTzqK8KxlB0LhaoXY6EY4TQpdCNJQ0xGeEA7mvrYo7IXT4ImsOQGAqohhZP5tzfGnpRjz9EeD6uhnNbS5SytEyn3uBczP4wU9Ym2aM2NOFQBTPuCfSYoUXysCSaC6V9CMsS6DqVbLej41nTY/6RZrVioYl0fFmtnWRF5sAN2QRlY4AjUwBWogwYg4BE8g3fwYTwYT8ar8fZjzRnZzTb4A+PrG8d8oT4=</latexit><latexit sha1_base64="RvoDr9usgOY6wK9mnEZtvZVp1fg=">AAACInicbVDLSgMxFM3UV62vUZdugqVQEUumCLoRi4K6rGAf0NYhk2ba0MzDJCOUYf5Gf0bdiLoQ/BgzdRZaexbh3HvOhZzjhJxJhdCnkZubX1hcyi8XVlbX1jfMza2mDCJBaIMEPBBtB0vKmU8biilO26Gg2HM4bTmj81Rv3VMhWeDfqHFIex4e+MxlBCu9ss3TS/uifGezPXgCu67AJLaSWM+31QMvffcZSkrmTMVkECW2WUQVNAH8T6yMFEGGum2+dPsBiTzqK8KxlB0LhaoXY6EY4TQpdCNJQ0xGeEA7mvrYo7IXT4ImsOQGAqohhZP5tzfGnpRjz9EeD6uhnNbS5SytEyn3uBczP4wU9Ym2aM2NOFQBTPuCfSYoUXysCSaC6V9CMsS6DqVbLej41nTY/6RZrVioYl0fFmtnWRF5sAN2QRlY4AjUwBWogwYg4BE8g3fwYTwYT8ar8fZjzRnZzTb4A+PrG8d8oT4=</latexit>

PROPAGATORS 
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BY INTRODUCING ADVANCED/RETARDED PROPAGATORS

THE FEYNMAN’S TREE THEOREM (FTT)
GA(qi) =

1
q2

i − m2
i − i0qi,0

GA(qi) = GF(qi) + δ̃(qi)

∫ℓ1

𝒩(ℓ1)∏GA(qi) = 0

‣ Advanced (Retarded) propagator: Both poles are 
displaced  above (below) the real axis, 
independently of the sign of the energy 

‣ An amplitude with all the Feynman propagators 
replaced by Advanced propagators vanishes 

‣ Related to the Feynman propagator by a delta 
function   

1
x ± i0

= PV ( 1
x ) ∓ iπδ(x)

× ×
GA(qi)

qi,0 plane

× ×

𝒜(1)
N (GF → GA) ℓ1,0 plane

×× ××
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THE PROCESS OF OPENING LOOPS

THE FEYNMAN’S TREE THEOREM (FTT)

∫ℓ1

𝒩(ℓ1)∏GA(qi) = 0 = ∫ℓ1

𝒩(ℓ1) ⊗ ∏(GF(qi) + δ̃(qi))
= 𝒜(1)

N + 𝒜(1−cut)
N + 𝒜(2−cut)

N + … + 𝒜(N−cut)
N

‣ The loop amplitude is the sum of multiple-cut  (includes disjoint trees) 
contributions  

‣ In four-dimensions: maximum 4 cuts 
‣ The double-cut contribution from the FTT is different from the unitarity cut that gives 

the imaginary part due to the different positive-energy flow of the internal lines
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DIRECTLY FROM THE CAUCHY RESIDUE THEOREM

THE LOOP-TREE DUALITY (LTD)
Cauchy residue theorem 
in the loop energy complex plane 

selects residues with definite positive 
energy  and negative imaginary 
part (indeed in any other coordinate 
system)

Feynman Propagator +i0: 
positive frequencies are propagated 
forward in time, and negative backward

GF (qi) =
1

q2i �m2
i + i0

[Catani et al. 2008]

×

×

GF(qi)

qi,0 plane

×

×

𝒜(1)
N ℓ1,0 plane

××

××



G
. R

od
rig

o,
 E

TH
/U

ZH
  2

01
8

THE LOOP-TREE DUALITY (LTD)
[Catani et al. 2008]

One-loop amplitudes in any relativistic, local and unitary QFT represented                          
as a linear combination of N single-cut phase-space/dual amplitudes |                              
no disjoint trees (at higher orders: number of cuts equal to the                                    
number of loops) 

�̃(qi) = i 2⇡ ✓(qi,0) �(q
2
i �m2

i )

GD(qi; qj) =
1

q2j �m2
j � i0 ⌘ kji

kji = qj � qi

⌘µ = (1,0)

‣                                                                 sets internal line on-shell, positive energy mode 

‣                                                                   dual propagator, 

‣ best choice                            : energy component integrated out, remaining integration 
in Euclidean space  

‣ LTD realised by modifying the customary +i0 prescription of the Feynman 
propagators (only the sign matters), it encodes in a compact way the effect of 
multiple-cut contributions that appear in the Feynman’s Tree Theorem                                                       

ONLY SINGLE CUT TREES

∫ℓ1

𝒩(ℓ1)∏GF(qi) = − ∫ℓ1

𝒩(ℓ1) ⊗ ∑ δ̃(qi)∏
i≠j

GD(qi; qj)
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WHEN A BRANCH GETS BROKEN: SINGULARITIES OF SINGLE CUT TREES

‣ LTD: 

THE FEYNMAN’S FOREST

GD(qi; qj) δ̃(qi) + (i ↔ j)

1
x + i0

+
1

−x − i0

1
x + i0

‣ Time-like distance (causally connected): generates 
physical threshold singularities: always +i0  

‣ Space-like distance: there is a perfect cancellation 
of singularities, due to the dual +i0 prescription  

‣ Light-like distance: both singular configurations, 
partial cancellation, IR singularities remain in a 
compact region

+

IR and threshold singularities are 

restricted to a compact region of the 

loop three-momentum

Integration along the forward on-shell hyperboloids 
 (light-cones for massless) or positive energy modes

k2
ji − (mi + mj)2 ≥ 0

k2
ji − (mi − mj)2 ≤ 0
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WHEN A BRANCH GETS BROKEN: SINGULARITIES OF SINGLE CUT TREES

THE FEYNMAN’S FOREST

1
x + i0

+
1

−x + i0

1
x + i0

‣ Time-like distance (causally connected): physics 
does not depend on the FTT or LTD representation  

‣ Space-like distance: there is mismatch in the  +i0 
prescription  

‣ needs to be compensated by the contribution from  
multiple cuts

GF(qj) δ̃(qi) + (i ↔ j)‣ FTT:

+

Integration along the forward on-shell hyperboloids 
 (light-cones for massless) or positive energy modes
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SINGULARITIES OF SINGLE CUT TREES

Space-like or  
future-like at energy of the on-shell  

propagator larger than the energy of the 
emitted particle 

energy of the on-shell  
propagator smaller than the 
energy of the emitted particles 

this propagator on-shell

▸ Threshold singularities occur when 
a second propagator gets on-shell: 
consistent with Cutkosky 

▸ It becomes collinear (soft) when a 
single massless particle is emitted

▸ Virtual particle emitted and absorbed 

▸ Potential threshold and IR singularities 
cancel in the sum of single-cut trees 

▸ Configurations at very large energies 
expected to be suppressed. If not 
sufficiently suppressed, we renormalise 

▸ The bulk of the physics is in the “low” 
energy region of the loop momentum

time-like or light-like 
(future-like)
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MAPPING COLLINEAR/SOFT DEGENERATE STATES

δ̃ (qi)

q̃i−1

pi

p′r

p′i

p̃ir′

qi,0 < pi,0

p0µr = qµi ,

p0µi = pµi � qµi + ↵i p
µ
j , ↵i =

(qi � pi)2

2pj · (qi � pi)
,

p0µj = (1� ↵i) p
µ
j , p0µk = pµk , k 6= i, j

qµi
pµi

pµjpµi

‣ Motivated by the factorisation properties of QCD: assuming      on-shell, and 
close to collinear with       ,we define the momentum mapping  

‣ All the primed momenta (real process) on-shell and momentum conservation:                    
.     is the emitter,       the spectator needed to absorb momentum recoil

‣ Quasi-collinear configurations can also be conveniently mapped such 
that the massless limit is smooth 

MOMENTUM MAPPING: MULTI-LEG
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GF (qi) =
1

q2UV � µ2
UV + i0


1� 2qUV · ki + k2i �m2

i + µ2
UV

q2UV � µ2
UV + i0

+
(2qUV · ki)2

(q2UV � µ2
UV + i0)2

�
+ . . .

qUV = `+ kUV ki = qi � qUV

‣ Expand propagators and numerators around a UV propagator [Weinzierl, Pittau] 

‣ and adjust subleading terms to subtract only the pole (         scheme), or to define any 
other renormalisation scheme. For the scalar two point function

UV RENORMALISATION: LOCAL SUBTRACTION

MS

Icnt
UV = ∫ℓ

1
(q2

UV − μ2
UV + i0)2 (1 + cUV

μ2
UV

q2
UV − μ2

UV + i0 )

Hernández-Pinto, Sborlini, GR, JHEP 1602, 044 

‣ dual representation needs to deal with multiple poles [Bierenbaum et al.] 

Icnt
UV = ∫ℓ

δ̃(qUV)

2 (q(+)
UV,0)

2 (1 −
3 cUV μ2

UV

4 (q(+)
UV,0)

2 ) q(+)
UV,0 = q2

UV + μ2
UV − i0

‣ Integration on the UV on-shell hyperboloid: loop three-momentum unconstrained, 
but loop contributions suppressed for loop energies larger than μUV
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Sborlini, Driencourt-Mangin, Hernández-Pinto, GR, JHEP 1608, 160

Z

N+1
d�(1)

R =

Z

N

Z

~̀
1

X

i

Ji(qi)Ri({p0j}) |M
(0)
N+1({p

0
j})|2

���
{p0

j}N+1!(qi,{pk}N )
<latexit sha1_base64="c4q7IX8qcxxULKFw/QNBJJs3DJw="></latexit><latexit sha1_base64="c4q7IX8qcxxULKFw/QNBJJs3DJw="></latexit><latexit sha1_base64="c4q7IX8qcxxULKFw/QNBJJs3DJw="></latexit><latexit sha1_base64="c4q7IX8qcxxULKFw/QNBJJs3DJw="></latexit>

Z

N
d�(1,R)

V =

Z

N

Z

~̀
1

2Re hM(0)
N |

✓X

i

M(1)
N (�̃(qi))

◆
�M(1)

UV(�̃(qUV))i
<latexit sha1_base64="/t/0DFrzwcZyw177XfQrlZM4RCg="></latexit><latexit sha1_base64="/t/0DFrzwcZyw177XfQrlZM4RCg="></latexit><latexit sha1_base64="/t/0DFrzwcZyw177XfQrlZM4RCg="></latexit><latexit sha1_base64="/t/0DFrzwcZyw177XfQrlZM4RCg="></latexit>

X

i

Ri({p0j}N+1) = 1
<latexit sha1_base64="UF/bE566p2SeIMLyK7+X9X0IGDA=">AAACC3icbVDLSsNAFJ34rPUVdelmsIgVpWSkoBuh4MaVVLEPaEKYTKft2JkkzEyEEvIJ+jO6EnXnzh/wb5zWLLT1rM6951y45wQxZ0o7zpc1N7+wuLRcWCmurq1vbNpb200VJZLQBol4JNsBVpSzkDY005y2Y0mxCDhtBcOLsd66p1KxKLzVo5h6AvdD1mMEa7Py7bKrEuEz6B7D1CWYw5vMTGU3jf27Azfz06sjlB3Cc+TbJafiTABnCcpJCeSo+/an241IImioCcdKdZATay/FUjPCaVZ0E0VjTIa4TzuGhlhQ5aWTRBnc70US6gGFk/m3N8VCqZEIjEdgPVDT2nj5n9ZJdO/MS1kYJ5qGxFiM1ks41BEcFwO7TFKi+cgQTCQzX0IywBITbeormvhoOuwsaZ5UkFNB19VSrZoXUQC7YA+UAQKnoAYuQR00AAGP4Bm8gXfrwXqyXqzXH+ucld/sgD+wPr4By16Y0Q==</latexit><latexit sha1_base64="UF/bE566p2SeIMLyK7+X9X0IGDA=">AAACC3icbVDLSsNAFJ34rPUVdelmsIgVpWSkoBuh4MaVVLEPaEKYTKft2JkkzEyEEvIJ+jO6EnXnzh/wb5zWLLT1rM6951y45wQxZ0o7zpc1N7+wuLRcWCmurq1vbNpb200VJZLQBol4JNsBVpSzkDY005y2Y0mxCDhtBcOLsd66p1KxKLzVo5h6AvdD1mMEa7Py7bKrEuEz6B7D1CWYw5vMTGU3jf27Azfz06sjlB3Cc+TbJafiTABnCcpJCeSo+/an241IImioCcdKdZATay/FUjPCaVZ0E0VjTIa4TzuGhlhQ5aWTRBnc70US6gGFk/m3N8VCqZEIjEdgPVDT2nj5n9ZJdO/MS1kYJ5qGxFiM1ks41BEcFwO7TFKi+cgQTCQzX0IywBITbeormvhoOuwsaZ5UkFNB19VSrZoXUQC7YA+UAQKnoAYuQR00AAGP4Bm8gXfrwXqyXqzXH+ucld/sgD+wPr4By16Y0Q==</latexit><latexit sha1_base64="UF/bE566p2SeIMLyK7+X9X0IGDA=">AAACC3icbVDLSsNAFJ34rPUVdelmsIgVpWSkoBuh4MaVVLEPaEKYTKft2JkkzEyEEvIJ+jO6EnXnzh/wb5zWLLT1rM6951y45wQxZ0o7zpc1N7+wuLRcWCmurq1vbNpb200VJZLQBol4JNsBVpSzkDY005y2Y0mxCDhtBcOLsd66p1KxKLzVo5h6AvdD1mMEa7Py7bKrEuEz6B7D1CWYw5vMTGU3jf27Azfz06sjlB3Cc+TbJafiTABnCcpJCeSo+/an241IImioCcdKdZATay/FUjPCaVZ0E0VjTIa4TzuGhlhQ5aWTRBnc70US6gGFk/m3N8VCqZEIjEdgPVDT2nj5n9ZJdO/MS1kYJ5qGxFiM1ks41BEcFwO7TFKi+cgQTCQzX0IywBITbeormvhoOuwsaZ5UkFNB19VSrZoXUQC7YA+UAQKnoAYuQR00AAGP4Bm8gXfrwXqyXqzXH+ucld/sgD+wPr4By16Y0Q==</latexit><latexit sha1_base64="UF/bE566p2SeIMLyK7+X9X0IGDA=">AAACC3icbVDLSsNAFJ34rPUVdelmsIgVpWSkoBuh4MaVVLEPaEKYTKft2JkkzEyEEvIJ+jO6EnXnzh/wb5zWLLT1rM6951y45wQxZ0o7zpc1N7+wuLRcWCmurq1vbNpb200VJZLQBol4JNsBVpSzkDY005y2Y0mxCDhtBcOLsd66p1KxKLzVo5h6AvdD1mMEa7Py7bKrEuEz6B7D1CWYw5vMTGU3jf27Azfz06sjlB3Cc+TbJafiTABnCcpJCeSo+/an241IImioCcdKdZATay/FUjPCaVZ0E0VjTIa4TzuGhlhQ5aWTRBnc70US6gGFk/m3N8VCqZEIjEdgPVDT2nj5n9ZJdO/MS1kYJ5qGxFiM1ks41BEcFwO7TFKi+cgQTCQzX0IywBITbeormvhoOuwsaZ5UkFNB19VSrZoXUQC7YA+UAQKnoAYuQR00AAGP4Bm8gXfrwXqyXqzXH+ucld/sgD+wPr4By16Y0Q==</latexit>

‣ The dual representation of the renormalised loop cross-section: one single 
integral in the loop three-momentum  

‣ A partition of the real phase-space 

‣ The real contribution mapped to the Born kinematics + loop three-momentum

LTD / FDU: MULTI-LEG @ NLO
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<latexit sha1_base64="8NRpiHjYcczYjidESR/qou6HKNI=">AAAB63icbZDNSsNAFIVv6l+tf1WXboJFcCElEcEuC25cVrA/2IYymd60Q2cmYWYihNCn0JWoO9/GF/BtnNYstPWsvrnnDNxzw4QzbTzvyymtrW9sbpW3Kzu7e/sH1cOjjo5TRbFNYx6rXkg0ciaxbZjh2EsUEhFy7IbTm7nffUSlWSzvTZZgIMhYsohRYuzoYYCcD3P/IpsNqzWv7i3kroJfQA0KtYbVz8EopqlAaSgnWvd9LzFBTpRhlOOsMkg1JoROyRj7FiURqIN8sfHMPYti5ZoJuov372xOhNaZCG1GEDPRy958+J/XT03UCHImk9SgpDZivSjlrondeXF3xBRSwzMLhCpmt3TphChCjT1Pxdb3l8uuQuey7nt1/+6q1mwUhyjDCZzCOfhwDU24hRa0gYKEZ3iDd0c4T86L8/oTLTnFn2P4I+fjGyQlji8=</latexit><latexit sha1_base64="8NRpiHjYcczYjidESR/qou6HKNI=">AAAB63icbZDNSsNAFIVv6l+tf1WXboJFcCElEcEuC25cVrA/2IYymd60Q2cmYWYihNCn0JWoO9/GF/BtnNYstPWsvrnnDNxzw4QzbTzvyymtrW9sbpW3Kzu7e/sH1cOjjo5TRbFNYx6rXkg0ciaxbZjh2EsUEhFy7IbTm7nffUSlWSzvTZZgIMhYsohRYuzoYYCcD3P/IpsNqzWv7i3kroJfQA0KtYbVz8EopqlAaSgnWvd9LzFBTpRhlOOsMkg1JoROyRj7FiURqIN8sfHMPYti5ZoJuov372xOhNaZCG1GEDPRy958+J/XT03UCHImk9SgpDZivSjlrondeXF3xBRSwzMLhCpmt3TphChCjT1Pxdb3l8uuQuey7nt1/+6q1mwUhyjDCZzCOfhwDU24hRa0gYKEZ3iDd0c4T86L8/oTLTnFn2P4I+fjGyQlji8=</latexit><latexit sha1_base64="8NRpiHjYcczYjidESR/qou6HKNI=">AAAB63icbZDNSsNAFIVv6l+tf1WXboJFcCElEcEuC25cVrA/2IYymd60Q2cmYWYihNCn0JWoO9/GF/BtnNYstPWsvrnnDNxzw4QzbTzvyymtrW9sbpW3Kzu7e/sH1cOjjo5TRbFNYx6rXkg0ciaxbZjh2EsUEhFy7IbTm7nffUSlWSzvTZZgIMhYsohRYuzoYYCcD3P/IpsNqzWv7i3kroJfQA0KtYbVz8EopqlAaSgnWvd9LzFBTpRhlOOsMkg1JoROyRj7FiURqIN8sfHMPYti5ZoJuov372xOhNaZCG1GEDPRy958+J/XT03UCHImk9SgpDZivSjlrondeXF3xBRSwzMLhCpmt3TphChCjT1Pxdb3l8uuQuey7nt1/+6q1mwUhyjDCZzCOfhwDU24hRa0gYKEZ3iDd0c4T86L8/oTLTnFn2P4I+fjGyQlji8=</latexit><latexit sha1_base64="8NRpiHjYcczYjidESR/qou6HKNI=">AAAB63icbZDNSsNAFIVv6l+tf1WXboJFcCElEcEuC25cVrA/2IYymd60Q2cmYWYihNCn0JWoO9/GF/BtnNYstPWsvrnnDNxzw4QzbTzvyymtrW9sbpW3Kzu7e/sH1cOjjo5TRbFNYx6rXkg0ciaxbZjh2EsUEhFy7IbTm7nffUSlWSzvTZZgIMhYsohRYuzoYYCcD3P/IpsNqzWv7i3kroJfQA0KtYbVz8EopqlAaSgnWvd9LzFBTpRhlOOsMkg1JoROyRj7FiURqIN8sfHMPYti5ZoJuov372xOhNaZCG1GEDPRy958+J/XT03UCHImk9SgpDZivSjlrondeXF3xBRSwzMLhCpmt3TphChCjT1Pxdb3l8uuQuey7nt1/+6q1mwUhyjDCZzCOfhwDU24hRa0gYKEZ3iDd0c4T86L8/oTLTnFn2P4I+fjGyQlji8=</latexit>
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DEGENERATE IR STATES GENERATED TOGETHER

LTD / FDU IN THE LOOP THREE-MOMENTUM SPACE

‣ integrand cancellation of IR 
singularities: works in d=4 space-time 
dimensions without subtractions

▸ The real contribution mapped to the 
Born kinematics + loop three-
momentum  (mappings inspired by 
the factorization properties of QCD) 

▸ UV subtracted locally
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�NNLO =

Z

N
d�(2,R)

VV
+

Z

N+1

d�(2,R)

VR
+

Z

N+2

d�(2)

RR
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d�(2)
VV =

Z

~̀
1

Z

~̀
2

X

i,j


2Re hM(0)

N |M
(2)
N (�̃(qi, qj))i

+ hM
(1)
N (�̃(qi))|M

(1)
N (�̃(qj))i

�
O({pk})
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‣ At NNLO 

where the VV contribution reads

LTD / FDU @ NNLO

‣ Need the VR and RR contributions mapped to the Born kinematics 
+ the two independent loop three-momenta 

‣ Known two-loop amplitudes not suitable: requires LTD 
unintegrated representation
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“OPEN LOOPS IN SUCCESSION”

FTT AT TWO-LOOPS (AND BEYOND)
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LTD IN SUCCESSION: PRELIMINARIES

LTD AT TWO-LOOPS (AND BEYOND)

‣ At one loop: 

GF(αk) = ∏
i∈αk

GF(qi) GD(αk) = ∑
i∈αk

δ̃(qi) ∏
j≠i

GD(qi; qj)

∫ℓ1

𝒩(ℓ1) GF(α1) = − ∫ℓ1

𝒩(ℓ1) ⊗ GD(α1)
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LTD IN SUCCESSION: REMAINING PROPAGATORS ARE NOT FEYNMAN

LTD AT TWO-LOOPS (AND BEYOND)

two cuts ✔ 

‣ At two-loops:

rearrangement of 
imaginary 

prescriptions, 
similar to relation 

with Advanced 
propagators

GF(αk) = ∏
i∈αk

GF(qi) GD(αk) = ∑
i∈αk

δ̃(qi) ∏
j≠i

GD(qi; qj)

∫ℓ1
∫ℓ2

𝒩(ℓ1, ℓ2) GF(α1 ∪ α2 ∪ α3)

= − ∫ℓ1
∫ℓ2

GF(α1) 𝒩(ℓ1, ℓ2) ⊗ GD(α2 ∪ α3)

GD(α2) GD(α3) + GD(α2) GF(α3) + GF(α2) GD(α3)

−GD(α1 ∪ α3) −GD(−α2 ∪ α1)
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OPENING LOOPS WITH A NUMBER OF CUTS EQUAL TO THE NUMBER OF LOOPS

LTD AT TWO-LOOPS (AND BEYOND)
‣ At two-loops (LTD representation):

∫ℓ1
∫ℓ2

𝒩(ℓ1, ℓ2) GF(α1 ∪ α2 ∪ α3) = ∫ℓ1
∫ℓ2

𝒩(ℓ1, ℓ2) ⊗ {GD(α2) GD(α1 ∪ α3)

+ GD(−α2 ∪ α1) GD(α3) − GF(α1) GD(α2) GD(α3)}

With a number of cuts equal to the   
number of loops the loop amplitude opens 

to a non-disjoint                        level like object
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WHEN BRANCHES GET BROKEN

THE TWO-LOOP FOREST
‣ One propagator gets on-shell in the same line where there is a cut 

propagator: equivalent to the one-loop case

~ ~/ On-shell

On-shell

Eventually gets on-shell and  
generates a singularity
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WHEN BRANCHES GET BROKEN

THE TWO-LOOP FOREST
‣ The genuine two-loop case occurs when the singularity is generated 

in another loop line  

‣ There are four singular configurations: two of them cancel in the 
sum, the other two lead to potential IR/thresholds (two-loop)

++

++~ ~ ~ ~ ~ ~/ /

/

[Driencourt-Mangin, Sborlini, Torres, GR, in preparation]
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Driencourt-Mangin, Sborlini, Torres-Bobadilla, GR

‣ Simplest two loop amplitude: proof of concept for other amplitudes with higher 
multiplicities  

‣ Well known numerically/analytically, in general known amplitudes not suitable within 
LTD/FDU, requires unintegrated amplitude 

‣ IBP would modify the local behaviour of the integrand: not suitable  

‣ Dual propagators are linear in the loop momenta: tensor reduction simpler (reduction 
to master integrals not necessary) 

‣ Universality also holds at two-loops ?

DUAL AMPLITUDE FOR                   AT TWO-LOOPSH → γγ
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Driencourt-Mangin,GR, Sborlini, EPJC 2018
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‣ Universality and compactness of the dual representation. In four 
space-time dimensions after local renormalization 

‣ The flavour of the internal particles is encoded                                        
by two scalar coefficients

DUAL AMPLITUDE FOR                   AT ONE-LOOPH → γγ

q(+)
i,0 = q2

i + M2
f − i0
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TEXTO
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CONCLUSIONS
‣ Already in 1963-1972 Feynman developed the idea of opening loops 

to trees (motivated by the difficulties to describe gravity), nowadays 
called Generalised Unitarity. 

‣ Low number of citations !!!, even if he outlined already the two-loop 
case. 

‣ The forest is less singular than the individual trees: more suitable 
to predict physical observables: essential feature for LTD/FDU. 
Potential advantages also for amplitudes. 

‣ First attempt towards LTD/FDU at NNLO 

‣ All arises from the tiny ±i0
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