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Motivation

Higgs physics has transformed from discovery to precision study

At moderate/large pT: 
• Particles in the loop can be resolved 
• May disentangle modified top quark Yukawa 

coupling from (BSM) point-like         coupling 
• Top quark mass can be important

?
ggH
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Data are becoming more precise also 
for more differential observables 

CMS 17: Search for boosted
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Figure 2: The mSD distributions in data for the failing (left) and passing (right) regions and
combined pT categories. The QCD multijet background in the passing region is predicted using
the failing region and the pass-fail ratio Rp/f. The features at 166 and 180 GeV in the mSD
distribution are due to the kinematic selection on r, which affects each pT category differently.
In the bottom panel, the ratio of the data to its statistical uncertainty, after subtracting the
nonresonant backgrounds, is shown.
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Figure 3: Profile likelihood test statistic �2D logL scan in data as a function of the Higgs and
Z bosons signal strengths (µH, µZ).

Table 2: Fitted signal strength, expected and observed significance of the Higgs and Z boson
signal. The 95% confidence level upper limit (UL) on the Higgs boson signal strength is also
listed.

H H no pT corr. Z
Observed signal strength 2.3+1.8

�1.6 3.2+2.2
�2.0 0.78+0.23

�0.19
Expected UL signal strength < 3.3 < 4.1 —
Observed UL signal strength < 5.8 < 7.2 —
Expected significance 0.7s 0.5s 5.8s
Observed significance 1.5s 1.6s 5.1s

�(H ! bb̄) = 74± 48(stat)�10
+17(syst) fb
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pT > 450 GeV
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125 GeV) = 2.76 GeV.

The 1s and 2s CL regions in the (M, e) fit are shown in Fig. 10 (left). The results of the fit
using the six parameter k model are plotted versus the particle masses in Fig. 10 (right), and
the result of the (M, e) fit is also shown for comparison. For the b quark, since the best fit point
for kb is negative, the absolute value of this coupling modifier is shown. In order to show both
the Yukawa and vector boson couplings in the same plot, a “reduced” vector boson couplingp

kVmV/v is shown.
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Figure 10: Likelihood scan in the M-e plane (left). The best fit point and the 1s and 2s CL
regions are shown, along with the SM prediction. Result of the phenomenological (M, e) fit
overlayed with the resolved k-framework model (right).

8.2 Generic model within k-framework with effective loops

The results of the fits to the generic k model where the ggH and H ! gg loops are scaled using
the effective coupling modifiers kg and kg are given in Fig. 11 and Table 8. In this parametriza-
tion, additional contributions from BSM decays are allowed for by rewriting the total width of
the Higgs boson, relative to its SM value, as,

GH

GSM
H

=
k2

H
1 � (Bundet + Binv)

, (7)

where kH is defined in Table 6.

Two different model assumptions are made concerning the BSM branching fraction. In the first
parametrization, it is assumed that BBSM = Binv + Bundet = 0, whereas in the second, Binv
and Bundet are allowed to vary as POIs, and instead the constraint |kW|, |kZ|  1 is imposed.
This avoids a complete degeneracy in the total width where all of the coupling modifiers can
be scaled equally to account for a non-zero Bundet. The parameter Bundet represents the total
branching fraction to any final state that is not detected by the channels included in this com-
bined analysis. The likelihood scan for the Binv parameter in this model, and the 2D likelihood
scan of Binv vs. Bundet are given in Fig. 12. The 68 and 95% CL regions for Fig. 12 (right) are
determined as the regions for which q(Bundet,Binv) < 2.28 and 5.99, respectively. The 95%
CL upper limits of Binv < 0.22 and Bundet < 0.38 are determined, corresponding to the value
for which q < 3.84 [106]. The uncertainty in the measurement of kt is reduced by nearly 40%

[1809.10733]

Measurements of Higgs production and decay so far in 
agreement with Standard Model predictions

But new physics may hide in distributions 

→ CMS: search for boosted Higgs with  
→ Higgs + Jet(s) production via gluon-fusion 
→ boosted production sensitive to particle in loop

pT > 450GeV
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t, BSM?
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The 1s and 2s CL regions in the (M, e) fit are shown in Fig. 10 (left). The results of the fit
using the six parameter k model are plotted versus the particle masses in Fig. 10 (right), and
the result of the (M, e) fit is also shown for comparison. For the b quark, since the best fit point
for kb is negative, the absolute value of this coupling modifier is shown. In order to show both
the Yukawa and vector boson couplings in the same plot, a “reduced” vector boson couplingp

kVmV/v is shown.
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Figure 10: Likelihood scan in the M-e plane (left). The best fit point and the 1s and 2s CL
regions are shown, along with the SM prediction. Result of the phenomenological (M, e) fit
overlayed with the resolved k-framework model (right).

8.2 Generic model within k-framework with effective loops

The results of the fits to the generic k model where the ggH and H ! gg loops are scaled using
the effective coupling modifiers kg and kg are given in Fig. 11 and Table 8. In this parametriza-
tion, additional contributions from BSM decays are allowed for by rewriting the total width of
the Higgs boson, relative to its SM value, as,

GH

GSM
H

=
k2

H
1 � (Bundet + Binv)

, (7)

where kH is defined in Table 6.

Two different model assumptions are made concerning the BSM branching fraction. In the first
parametrization, it is assumed that BBSM = Binv + Bundet = 0, whereas in the second, Binv
and Bundet are allowed to vary as POIs, and instead the constraint |kW|, |kZ|  1 is imposed.
This avoids a complete degeneracy in the total width where all of the coupling modifiers can
be scaled equally to account for a non-zero Bundet. The parameter Bundet represents the total
branching fraction to any final state that is not detected by the channels included in this com-
bined analysis. The likelihood scan for the Binv parameter in this model, and the 2D likelihood
scan of Binv vs. Bundet are given in Fig. 12. The 68 and 95% CL regions for Fig. 12 (right) are
determined as the regions for which q(Bundet,Binv) < 2.28 and 5.99, respectively. The 95%
CL upper limits of Binv < 0.22 and Bundet < 0.38 are determined, corresponding to the value
for which q < 3.84 [106]. The uncertainty in the measurement of kt is reduced by nearly 40%

[1809.10733]

Higgs self-interaction not yet established

Test of Higgs potential &  
EW symmetry breaking



Heavy top limit

(valid for                )

Higgs production via gluon-fusion 
usually calculated in the limit 

               limit  (Higgs EFT)mT ! 1
p
s ⌧ 2mT
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NNLO:

NLO:

 3

HJ Production History

1. LO (full       dependence) 

2. NLO  
 Heavy Top Quark Limit 

Approximate       dependence 

Top quark/Bottom quark interference 

3. NNLO Heavy Top Quark Limit 
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contribution to N3LO
Banerjee, Borowka, Dhani,  
Gehrmann, Ravindran 18
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Heavy top limit

(valid for                )

Higgs production via gluon-fusion 
usually calculated in the limit 

               limit  (Higgs EFT)mT ! 1
p
s ⌧ 2mT
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full top-mass dependence required for • HJ production at large pT 
• HH production (               )2mH <

p
s
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HJ Production History

1. LO (full       dependence) 

2. NLO  
 Heavy Top Quark Limit 

Approximate       dependence 

Top quark/Bottom quark interference 

3. NNLO Heavy Top Quark Limit 
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Two Loop Diagrams

many integrals not known analytically 
→ approximations or numerical calculation required

HH

HJ

virtual corrections
s, t, mt, mH
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• 7-propagator 2-loop diagrams  
• 4 mass scales



First results with top-mass effects

d�NLO ⇡ d�HEFT
NLO =

d�NLO(mt ! 1)

d�LO(mt ! 1)
d�LO(mt)
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Figure 2: Partonic cross section as a function the center-of-mass energy including various
orders in the inverse top quark mass. The dashed and solid curves correspond to the
factorization for the total and differential cross section, respectively. The colour coding
is taken over from Fig. 1.

Note that in Ref. [15] it has been observed that the soft-virtual approximation constructed
in Mellin space approximates the full (effective-theory) result with an accuracy of 2%.

It is interesting to look at the partonic K factor which is defined via

KNLO =
σLO + δσNLO

σLO
. (20)

Results for the two methods to factorize the exact LO term are plotted in Fig. 3 as a
function of

√
s where the dashed curves are already shown in Ref. [12]. One observes that

DF leads to a lower K factor and that the spread among the various ρ orders is smaller.
Furthermore, it is interesting to note that for DF the top quark pair threshold behaviour
of the LO term is not washed out in contrast to the dashed curves. It is common to
both factorization methods that there is a strong raise when approaching the threshold
for Higgs boson pair production (see also discussion in Ref. [12]).

Fig. 4 shows the hadronic cross section σH for Higgs boson pair production including
NLO corrections as a function of

√
scut which is a technical upper cut on the partonic

center-of-mass collision energy. It is introduced via

σH(sH , scut) =

∫ 1

4m2
H/sH

dτ

(

dLgg

dτ

)

(τ) σ(τsH) θ(scut − τsH) , (21)
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LO (1-loop) with full       dependencemT

Ellis, Hinchliffe, Soldate, van der Bij 87 
Baur, Glover 89

HHHJ

NLO corrections in HEFT can be rescaled with full LO
Dawson, Dittmaier, Spira 98

… or improved by expansion in 1/mT
Grigo, Hoff, (Melnikov,) Steinhauser 13, 15 
Degrassi, Giardino, Gröber 16 

method extended to NNLO

HH expansion in 
• only works well for  
• NLO corrections to total cross section: 

   + 10% when rescaling with total cross section 
  - 10% when rescaling differentially in s 

p
s < 2mt
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⇢ = m2
H
/m2

t
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First results with top-mass effects

d�NLO ⇡ d�HEFT
NLO =

d�NLO(mt ! 1)

d�LO(mt ! 1)
d�LO(mt)

Glover, van der Bij 88

LO (1-loop) with full       dependencemT

Ellis, Hinchliffe, Soldate, van der Bij 87 
Baur, Glover 89

HHHJ

NLO corrections in HEFT can be rescaled with full LO
Dawson, Dittmaier, Spira 98

… or improved by expansion in 1/mT
Grigo, Hoff, (Melnikov,) Steinhauser 13, 15 
Degrassi, Giardino, Gröber 16 

method extended to NNLO

Harlander, Neumann, Ozeren, Wiesemann 12 
Neumann, Wiesemann 14

… or combined with full      -dependence of real radiationmT ! 1
Maltoni, Vryonidou, Zaro 14Buschmann, Goncalves, Kuttimalai, Schonherr, Krauss, Plehn 14 

Frederix, Frixione, Vryonidou, Wiesemann 16 
Caola, Forte, Marzani, Muselliand, Vita 16 
Neumann, Williams 16



Approximated results — HJ production
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Figure 2: Higgs inclusive pT spectrum for three different approximations, each taking into
account higher orders of an asymptotic expansion in 1/mt. The upper panel
shows the absolute distribution, while the lower two panels display the ratio to
the LO distribution and the NLO⇤ 1/m0

t approximation, respectively.
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Analytic results
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Figure 4: The four master integrals of the elliptic sector IA1,1,0,1,1,1,1,0,0.
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Figure 5: The four master integrals of the elliptic sector IA1,1,1,1,1,1,1,0,0.

techniques. In section 4.3 we show that employing two auxiliary bases we obtain a two-fold

iterated integral representation of the integral sector.

The highest sector of Family A is IA1,1,1,1,1,1,1,0,0. In this case the homogeneous part

of the differential equations can be cast in canonical form, however they depend via in-

homogeneous terms on the lower elliptic sector. In section 4.4 we write the result as a

three-fold integral. We found these integral representations to be suitable for precise and

reliable numerical evaluations. When implemented in Mathematica the evaluation of both

the elliptic sectors in one Euclidean point takes about 10 minutes using one processor, with

about eight-digit accuracy.

4.1 Sector IA1,1,0,1,1,1,1,0,0

The integral sector IA1,1,0,1,1,1,1,0,0 has four master integrals, shown in fig. 4, which are

expressed in terms of elliptic functions, although its subtopologies do not involve them. We

start by considering the following basis of finite integrals,

h1(x, ϵ) = ϵ4(−x1)
3/2IA1,1,0,1,1,1,1,0,0 ,

h2(x, ϵ) = ϵ4IA2,1,0,1,1,1,1,0,0 ,

h3(x, ϵ) = ϵ3IA1,1,0,1,1,1,2,0,0 ,

h4(x, ϵ) = ϵ4IA1,1,0,1,1,1,1,0,−1 .

(4.1)

We parametrize the integrals through the linear parametrization (3.12), and we define the

differential equations with respect to the new parameter using the chain rule,

∂αh(x(α), ϵ) =
3

∑

i=1

xi ∂xih(x(α), ϵ) , (4.2)

– 11 –
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[Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov 16]
most planar integrals can be expressed in terms of  
• alphabet with 3 variables,  

49 letters, many square roots  
• log, Li2 up to weight 2 
• 1-fold integrals at weights 3,4
2 sectors contain elliptic functions
can be expressed as 2- and 3-fold 
iterated integrals with elliptic kernel 

HJ production

AA / jj  - production via top-quark loop

so far no non-planar 4-point integrals

[Becchetti, Bonciani 17]

only planar integrals calculated: 
• alphabet containing square roots  
• mostly GPLs 
• up to 2-fold integrals at weights 3,4

see also 
[Primo, Tancredi 16]
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Computational Method

1. Form factor decomposition 
2. Integral reduction 
3. Sector decomposition 
4. Numerical integration of loop integrals 

using Quasi Monte Carlo algorithm 
5. Generate histograms of virtual contribution 

using unweighted LO events for phase-space sampling 

Method for calculating virtual amplitude:

Combine with real radiation at histogram level 
           → 1-loop 5-point amplitudes 
               generated with GoSam Cullen et.al.

S3,3 = −2m2
t + 2i ·mt · Γt (19j)

S3,4 = −2m2
t + 2i ·mt · Γt (19k)

S3,5 = −2m2
t + s34 + 2i ·mt · Γt (19l)

S4,4 = −2m2
t + 2i ·mt · Γt (19m)

S4,5 = −2m2
t +m2

H + 2i ·mt · Γt (19n)

S5,5 = −2m2
t + 2i ·mt · Γt (19o)

4.1.1 Diagrams (2)

g(k1)
g(k2)

g(k3)
H(k4)

H(k5)

t

t

t

t

t

-Diagram 65

S′ = SQ→−q−(−k3−k4), rk = 5

g(k1)

g(k2)

g(k3)

H(k4)

H(k5)

t

t

t

t

t

-Diagram 66

S′ = SQ→−q−(−k3−k4), rk = 5

4.2 Group 1 (5-Point)

General Information

The maximum effective rank in this group is 5.

r1 = −k2 + k5 + k4, m1 = mt, Γ1 = Γt (20a)

r2 = −k2 + k5, m2 = mt, Γ2 = Γt (20b)

r3 = −k2, m3 = mt, Γ3 = Γt (20c)

r4 = 0, m4 = mt, Γ4 = Γt (20d)

r5 = −k3, m5 = mt, Γ5 = Γt (20e)

S =

⎛

⎜

⎜

⎜

⎜

⎝

S1,1 S1,2 S1,3 S1,4 S1,5

S2,1 S2,2 S2,3 S2,4 S2,5

S3,1 S3,2 S3,3 S3,4 S3,5

S4,1 S4,2 S4,3 S4,4 S4,5

S5,1 S5,2 S5,3 S5,4 S5,5

⎞

⎟

⎟

⎟

⎟

⎠

(21)

S1,1 = −2m2
t + 2i ·mt · Γt (22a)

S1,2 = −2m2
t +m2

H + 2i ·mt · Γt (22b)

S1,3 = −2m2
t + s45 + 2i ·mt · Γt (22c)

S1,4 = −2m2
t − s23 + s45 − s12 + 2i ·mt · Γt (22d)

6
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Integral Reduction

(quasi-)finite 
integrals

(6�2✏)

(s, t) 280 s 1.00⇥ 10�3

(4�2✏)

(s, t) 214135 s 8.29⇥ 10�3

(6�2✏)

(s, t) 294 s 1.21⇥ 10�3

(4�2✏)

(s, t) 3484378 s 30.9

(4�2✏)

(s) 91 s 3.76⇥ 10�4
(4�2✏)

(s) 87 s 3.76⇥ 10�4

(6�2✏)

(s) 17 s 5.15⇥ 10�4

(4�2✏)

(s) 20 s 1.95⇥ 10�4

(6�2✏)

(s) 119 s 2.32⇥ 10�3

(4�2✏)

(s) 118 s 2.12⇥ 10�3

Total/Max: 3995 s 5.84⇥ 10�3 Total/Max: 5136862 s 30.9

Table 2: Numerical performance of finite and conventional integral bases for two-loop

mixed EW-QCD corrections to Drell-Yan lepton production in the physical region using

SecDec 3. For each integral in the above, the run time is given in seconds and the fractional

di↵erence from the analytical solution is given for the expansion coe�cient which first gives

rise to weight four multiple polylogarithms. In the final row of the table, total run times

and worst-case relative accuracies are recorded for both integral bases.

We find that, in several other cases, significantly more mileage can be squeezed out of

publicly available sector decomposition programs simply by working with a well-behaved,

finite integral basis. As a second example, we present the evaluation of three-loop form

factors in massless QCD in Appendix A. We employ the other publicly available program

under active development, FIESTA 4, and observe dramatic gains in both speed and nu-

merical convergence when using a basis of finite integrals.

5 Conclusions and Outlook

In this paper, we considered the two-loop integrals relevant to the ↵↵s corrections to Drell-

Yan production with up to a single massive vector boson exchanged. As a reference, we cal-

culated their Laurent expansion through to weight five in terms of multiple polylogarithms

using the method of di↵erential equations. Our representation in terms of real-valued func-

tions allows for fast and precise numerical evaluations over the entire physical region of the

phase space. We found it challenging to even check our analytical solutions using available

sector decomposition programs. Employing a basis of finite integrals systematically im-

proved the situation and rendered all integrals numerically accessible with SecDec 3, both

in Euclidean and physical kinematics. Order of magnitude improvements both in program

run time and integration error were also found for massless three-loop form factor integrals

using FIESTA 4 when using finite instead of conventional master integrals. For the finite

integrals, we allowed for shifts to higher numbers of spacetime dimensions and additional

– 14 –

[von Manteuffel, 
 Schabinger 17]

run time rel. error

form-factor decomposition of virtual amplitude 
•  obtained by applying projectors 
•  linear combinations of many scalar integrals

HJ: 3767 integrals 
up to 3 inverse propagators for 7-propagator integrals 
up to 4 inverse propagators for factorizing 6-propagator integrals

HH: 1601 integrals  
up to 4 inverse propagators

results obtained using SecDec 3

integral reduction  
apply integration-by-parts identities 
Tkachov 81; Chetyrkin 81; Laporta 01

→ minimal set of linearly independent master integrals:

Z
ddpi

@

@pµi
[qµ I0(p1, . . . , pl; k1, . . . , km)] = 0

→ can be chosen to be finite: • divergences only in coefficients 
• simplifies numerical evaluation of integrals 
• integrals in shifted dimensions  Tarasov 96; Lee 10 

von Manteuffel, Panzer, Schabinger 14
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Integral Reduction
IBP reduction obtained using Reduze 2 [von Manteuffel, Studerus 12] 

but reduction with 4 independent scales (                 ) challenging 
→ modifications to Reduze code:

s, t, m2
t
, m2

H

• specify list of required integrals  
→ consider only equations containing these integrals 

• change order of solving the system of equations, 
sorting the equations by number of unreduced integrals

useful additional simplification: fix      and 

Z
ddp1d

dp2
(p1 + k1)2

p21
f(pi, ki) =

Z
ddp1d

dp2

✓
1 +

k21
p21

+
2 p1 · k1

p21

◆
f(pi, ki)

rank-2 rank-1
up to 4 inverse propagators  → up to rank-4 tensors

mt, mH
<latexit sha1_base64="GMANXqc3Y7A1k3hcaephBW6MuNU="></latexit><latexit sha1_base64="GMANXqc3Y7A1k3hcaephBW6MuNU="></latexit><latexit sha1_base64="GMANXqc3Y7A1k3hcaephBW6MuNU="></latexit><latexit sha1_base64="GMANXqc3Y7A1k3hcaephBW6MuNU="></latexit>

mt, mH
<latexit sha1_base64="GMANXqc3Y7A1k3hcaephBW6MuNU="></latexit><latexit sha1_base64="GMANXqc3Y7A1k3hcaephBW6MuNU="></latexit><latexit sha1_base64="GMANXqc3Y7A1k3hcaephBW6MuNU="></latexit><latexit sha1_base64="GMANXqc3Y7A1k3hcaephBW6MuNU="></latexit>

HH 
mt = 173GeV, mH = 125GeV

reduction with fixed masses:

but we did not manage to obtain  
reduction of non-planar integrals! 
→ rewrite inverse propagators as  

scalar products to reduce rank 
→ directly calculate them numerically

full HJ reduction 
obtained twice: 

• with  
• with full      and  
dependence 

m2
H
/m2

t
= 12/23

<latexit sha1_base64="ludtkJjgzWz0miyhNN4M0MGm/3w="></latexit><latexit sha1_base64="ludtkJjgzWz0miyhNN4M0MGm/3w="></latexit><latexit sha1_base64="ludtkJjgzWz0miyhNN4M0MGm/3w="></latexit><latexit sha1_base64="ludtkJjgzWz0miyhNN4M0MGm/3w="></latexit>

mt, mH
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mt, mH
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Sector Decomposition

• sector decomposition
Binoth, Heinrich 00

y

x

−→ + −→(2)

(1)

+

y

x

t

t

Figure 1: Sector decomposition schematically.

+

∫ 1

0
dy y−1−(a+b)ϵ

∫ 1

0
dt t−1−aϵ

(

1 + (1 − y) t
)−1

. (2)

We observe that the singularities are now factorised such that they can be read off
from the powers of simple monomials in the integration variables, while the polynomial
denominator goes to a constant if the integration variables approach zero. The same
concept will be applied to N -dimensional parameter integrals over polynomials raised
to some power, where the procedure in general has to be iterated to achieve complete
factorisation.

3 The algorithm for multi-loop integrals

3.1 Feynman parameter integrals

A general Feynman graph Gµ1...µR

l1...lR
in D dimensions at L loops with N propagators

and R loop momenta in the numerator, where the propagators can have arbitrary, not
necessarily integer powers νj , has the following representation in momentum space:

Gµ1...µR

l1...lR
=

∫ L
∏

l=1

dDκl
kµ1

l1
. . . kµR

lR
N∏

j=1
P

νj

j ({k}, {p}, m2
j)

dDκl =
µ4−D

iπ
D
2

dDkl , Pj({k}, {p}, m2
j) = (q2

j − m2
j + iδ) , (3)

where the qj are linear combinations of external momenta pi and loop momenta kl.
Introducing Feynman parameters according to

1
∏N

j=1 P
νj

j

=
Γ(Nν)

∏N
j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

) 1
[
∑N

j=1 xjPj

]Nν
, (4)

where Nν =
N

∑

j=1

νj , leads to

Gµ1...µR

l1...lR
=

Γ(Nν)
∏N

j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

)
∫

dDκ1 . . .dDκL

kµ1

l1
. . . kµR

lR

⎡

⎣

L
∑

i,j=1

kT
i Mij kj − 2

L
∑

j=1

kT
j · Qj + J + i δ

⎤

⎦

−Nν

, (5)

4

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+"

=

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+"
[✓(x1 � x2) + ✓(x2 � x1)]

=

Z 1

0
dx1

Z x1

0
dx2

1

(x1 + x2)2+"
+

Z 1

0
dx2

Z x2

0
dx1

1

(x1 + x2)2+"

=

Z 1

0
dx1

Z 1

0
dt

x1

(x1 + tx1)2+"
+

Z 1

0
dx2

Z 1

0
dt

1

x1+"
2 (1 + t)2+"

overlapping singularities

singularities factorized

• subtraction of poles
Z 1

0
dxx�1�"g(x, ") = �1

"
g(0, ") +

Z 1

0
dxx�1�" (g(x, ")� g(0, "))

• expansion in ɛ

→ finite integrals for each order in ɛ → numeric integration possible

→ finite



Loop Integrals

To evaluate Master Integrals we use SecDec which implements Sector 
Decomposition 

Completely automated procedure 

Sector Decomposition 
1) Feynman Parametrise integral and compute momentum integrals 

Here          are 1st, 2nd Symanzik Polynomials 

We have exchanged    momentum integrals for     parameter integrals

Numerical Master Integrals
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Collaboration: Borowka, Heinrich, Jahn, SJ, Kerner, Schlenk, Zirke

• (scalar) loop integral after Feynman parametrization:

[

(M̃−1 ⊗ g)µ1µ2

11 l̃µ3

2 + (M̃−1 ⊗ g)µ1µ3

12 l̃µ2

1 + (M̃−1 ⊗ g)µ2µ3

12 l̃µ1

1

]}

,

(M̃−1 ⊗ g)µν =

(

M̃−1
11 gµν M̃−1

12 gµν

M̃−1
21 gµν M̃−1

22 gµν

)

.

The functions U and F also can be constructed from the topology of the corresponding
Feynman graph as follows [74,77,78]. Cutting L lines of a given connected L-loop graph
such that it becomes a connected tree graph T defines a chord C(T ) as being the set of
lines not belonging to this tree. The Feynman parameters associated with each chord
define a monomial of degree L. The set of all such trees (or 1-trees) is denoted by T1. The
1-trees T ∈ T1 define U as being the sum over all monomials corresponding to a chord
C(T ∈ T1). Cutting one more line of a 1-tree leads to two disconnected trees, or a 2-tree
T̂ . T2 is the set of all such 2-trees. The corresponding chords define monomials of degree
L + 1. Each 2-tree of a graph corresponds to a cut defined by cutting the lines which
connected the two now disconnected trees in the original graph. The momentum flow
through the lines of such a cut defines a Lorentz invariant sT̂ = (

∑

j∈Cut(T̂) pj)2. The
function F0 is the sum over all such monomials times minus the corresponding invariant.
For a diagram with massless propagators, F = F0. If massive internal lines are present,
F gets an additional term as follows:

U(x⃗) =
∑

T∈T1

[ ∏

j∈C(T )

xj

]

,

F0(x⃗) =
∑

T̂∈T2

[ ∏

j∈C(T̂ )

xj

]

(−sT̂ ) ,

F(x⃗) = F0(x⃗) + U(x⃗)
N

∑

j=1

xjm
2
j . (10)

U is a positive semi-definite function. Its vanishing is related to the UV subdivergences of
the graph. Overall UV divergences, if present, will always be contained in the prefactor
Γ(Nν − LD/2). In the region where all invariants sT̂ are negative, which we will call
the Euclidean region in the following, F is also a positive semi-definite function of the
Feynman parameters xj . Its vanishing does not necessarily lead to an IR singularity.
Only if some of the invariants are zero, for example if some of the external momenta
are light-like, the vanishing of F may induce an IR divergence. Thus it depends on the
kinematics and not only on the topology (like in the UV case) whether a zero of F leads
to a divergence or not. This fact makes it much harder to formulate general theorems
for the subtraction of IR singularities of multi-loop Feynman graphs. The necessary (but
not sufficient) conditions for an IR divergence are given by the Landau equations [79–81],
which, in parameter space, simply mean that the necessary condition F = 0 for an IR
divergence can only be fulfilled if some of the parameters xi go to zero, provided that all
kinematic invariants sT̂ are negative.

As can be seen from Eq. (7), the difference between scalar and tensor integrals is,
once the Lorentz structure is extracted, given by the fact that there are polynomials
of Feynman parameters in the numerator. These polynomials can simply be included
into the sector decomposition procedure, thus treating tensor integrals directly without
reduction to scalar integrals.
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• sector decomposition leads to
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i
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• contour deformation (required if some           )sij > 0
Soper 00; Binoth, et al. 05; Nagy, Soper 06; Borowka et al. 12

~x ! ~z(~x) = ~x� i~⌧(~x)

Chapter 5. Singularity structure of Feynman integrals

Finding the right analytical continuation to the coordinates z̨ is equivalent to finding
the proper deformation to the integration contour. It is the crucial step for the success
of this method and will be treated in the following.

5.3.2 Deformation
The aim is to find a clever deformation which is well suited for an automated application
in numerical calculations. For its realization, a good parametrization of the complex
variables zi in Eq. (5.6) must be found which on the one hand preserves the causal i”
prescription, and on the other ensures all physical thresholds to appear as such in the
result. As the latter are contained in the Landau equations, an inclusion of these in the
deformation is desirable. It is therefore required that all Landau equations, Eqs. (5.4), are
realized when the deformed function F(z̨(x̨)) vanishes. Furthermore, the i” prescription
for the Feynman propagators requires that the contour deformation to the complex plane
is chosen such that the infinitesimal imaginary part is conserved. The negative sign of
the imaginary part of the second Symanzik polynomial F was discussed in Sec. 3.3. For
real masses and Mandelstam invariants sij , the following Ansatz [279–281] is therefore
convenient

z̨(x̨) = x̨ ≠ i ·̨(x̨)

·k(x̨) = ⁄ xk(1 ≠ xk) ˆF(x̨)
ˆxk

, (5.7)

where ⁄ is an arbitrary real and positive parameter. A closed integration contour is
guaranteed by the factors xk and (1 ≠ xk), keeping the endpoints fixed. From Eq. (5.7),
the negative sign of the imaginary part is only guaranteed if the derivative by F(x̨) is
not negative. Assuming the overall deformation to be small, the analytic continuation
of the integrand can be expanded into a series

F(x̨) æ F(z̨(x̨)) = F(x̨) ≠ i
ÿ

k

·k(x̨)
3

ˆF
ˆxk

42

+ O(·k(x̨)2) , (5.8)

where the expansion is done individually in each component k. The physically motivated
requirement that all Landau equations, Eqs. (5.4), be fulfilled is met in Eq. (5.8), when
the deformed integrand F(z̨(x̨)) vanishes. Furthermore, the imaginary part of F(z̨(x̨))
is always negative due to an ever positive ( ˆF

ˆxk
)2 term. While the absolute size of the

derivative parts are determined by the diagrams to be computed, ⁄ is chosen to be
a free parameter determining the scale of the deformation. Following the analysis of
Ref. [279], the Ansatz for the analytical continuation must guarantee a full cancellation
of singularities in subtraction terms present in the remainder term of Eq. (4.24), see also
Eq. (4.25). If the analytic continuation is done only after computing the subtraction
terms, one Feynman parameter is deformed, while the one of the subtraction term is
not. Assume the deformation of a function I depending on one Feynman parameter

I =
⁄

1

0

dt– t≠1+Á

– (I(t–, Á) ≠ I(0, Á)) . (5.9)
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generates correct imaginary part at thresholds  F(~x) = 0

with Symanzik polynomials       :U , F

Ui = 1 + ui(~x), Fi = �f0,i + fi(~x)

Ui = 1 + ui(~x), Fi = �f0,i + fi(~x)



pySecDec

pySecDec

SecDec 3 used for calculation 
of HJ and HH production

improvements compared to SecDec 3 

• implementation using python and Form Vermaseren, Ruijl, Ueda  
• modular structure 

can act on (almost) any polynomial  
any number of regulators is possible  

• generates libraries  
can be directly linked to amplitude code 

• handling of non-logarithmic poles improved 
• improved symmetry finder 
• … 
• coming soon: QMC integration

Borowka, Heinrich, Jahn, Jones, MK, Schlenk, Zirke
a toolbox for the calculation of dimensionally regulated parameter integrals using sector decomposition 

publicly available: secdec.hepforge.org



Numerical Integration Methods

• Monte Carlo 
randomly select N sampling points 
integration error:  

• Quasi-Monte Carlo 
using points with low discrepancy 
integration error:  
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We need to (numerically) integrate

→ Does not work well for large d
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We need to (numerically) integrate

→ Does not work well for large d

But we can do better:   
(if norm of f in weighted function space is finite) 

→ Quasi-Monte Carlo in weighted function space 
     integration error: "  ✏� · ||f ||�
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Quasi-Monte Carlo in weighted function space

Sobolev space Korobov space

�u, u ✓ {1, . . . , d}
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assign weights      to each subset of dimensions�u, u ✓ {1, . . . , d}
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weighted function spaces, typically considered in literature:

never di↵erentiate more than once with respect to a particular variable. It can
be shown [30, 35] that for functions belonging to such a space a R1SL rule
exists for which the shift averaged worst case error is given by

[esh(z)]2 

0

@ 1

 (n)

X

;6=u✓{1,...,d}
�
�

u

 
2⇣(2�)

(2⇡2)�

!|u|
1

A

1
�

(8)

for all � 2 (1/2, 1]. Here ⇣ is the Riemann zeta function and  is the Euler
totient function. This formula indicates that, for suitably chosen weights, R1SL
rules can have a convergence rate close to O(n�1) independently of d for
functions belonging to a Sobolev space.

The Korobov function space is a space of periodic functions which are ↵ times
di↵erentiable in each variable. The parameter ↵ is known as the smoothness
parameter and characterises the rate of decay of the Fourier coe�cients of the
integrand. The norm of f in the weighted Korobov space is given by

||f ||
2
� =

X

h2Zd

Q
j2u(h) |hj|

2↵

�u(h)
|f̂(h)|2, (9)

where u(h) := {j 2 {1, . . . , s} : hj 6= 0} and f̂(h) are the Fourier coe�cients
of the integrand, given by

f̂(h) =
Z

[0,1]d
f(x)e�2⇡ih·xdx. (10)

For functions belonging to a Korobov space with smoothness ↵ the shift av-
eraged worst case error is given by
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for all � 2 (1/(2↵), 1]. The best convergence rate is obtained when � !

1/(2↵), which yields a convergence close to O(n�↵) independently of d (for
suitably chosen weights). Functions which are smooth but not periodic can
be periodized by an integral transform as described in Section 2.3. This can
improve the rate of convergence of quasi-Monte Carlo integration but may also
increase the variance (or norm) of the function, especially in high dimensions.

2.2 Generating vectors

In order to construct a QMC integrator, the first step is the construction of
the lattice. How to do so is a vast mathematical subject [30]. The node set

6

use rank-1 lattice rule

Review: Dick, Kuo, Sloan `13

fractional part (→             )  
randomized shifts 
  →     different estimates of Integral:  
  → error estimate of result 
generating vector 

constructed component-by-component  
minimizing worst-case error 

m I1, . . . , Im

Nuyens `07

Li, Wang, Yan, Zhao 15 
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Fig. 1. (Left panel) A d = 2 dimensional R1SL with n = 55 points, generating
vector z = (1, 34) and random shift �0. (Right panel) A R1SL produced with three
additional random shifts, as used to estimate the mean-square error.

The rank of the rule denotes the minimal number of generating vectors re-
quired to generate the lattice rule. In this work we will consider only rank-1
lattices i.e. those generated by a single generating vector. The estimate of the
integral depends on the number of lattice points n and the number of random
shifts m. The shift vectors �k 2 [0, 1)d are d-dimensional vectors with compo-
nents consisting of independent, uniformly distributed random real numbers
in the interval [0, 1). The generating vector z 2 Zd is a fixed d-dimensional
vector of integers coprime to n. The curly brackets indicate that the fractional
part of each component is taken, such that all arguments of f remain in the
interval [0, 1).

A reliable estimate of the integral can be obtained even without random shifts
provided that the lattice is su�ciently large, however, the random shifts allow
the remaining error to be estimated. More precisely, an unbiased estimate of
the mean-square error can be obtained from the random shifts of the lattice
according to

�
2
n,m

[f ] ⌘ Var[Q̄n,m[f ]] ⇡
1

m(m� 1)

m�1X

k=0

(Q(k)
n
[f ]� Q̄n,m[f ])

2
. (3)

In typical applications only 10-20 random shifts are required to obtain a reli-
able estimate of the error.

In Figure 1 an example shifted lattice is shown. In the left panel a single
lattice is displayed, the zeroth point is shifted from the origin by the random
shift vector �0 and further points are generated by adding z/n and wrapping
back into the unit square as necessary, the lattice displayed contains a total of
n = 55 points. In the right panel three additional shifted lattices are displayed,
they are generated by shifting the original lattice and can be used to produce
an estimate of the integration error as described above.
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Fourier coefficient

first application to sector-decomposed loop integrals:
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implementation in public library coming soon! arXiv:1811.?????  Borowka, Heinrich, Jahn, Jones, MK, Schlenk

tegrable (weak) derivatives @
|a|

f(x)
@xa

and a 2 {0, 1}d. The norm of f in the
weighted Sobolev space can be written as

||f ||
2
� =

X

u✓{1,...,d}

1

�u

Z

[0,1]|u|

 Z

[0,1]d�|u|

@
|u|
f(x)

@xu
dx�u

!2

dxu. (7)

Note that the norm depends only on the mixed first derivative because we
never di↵erentiate more than once with respect to a particular variable. It can
be shown [31, 36] that for functions belonging to such a space a R1SL rule
exists for which the shift averaged worst case error is given by
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for all � 2 (1/2, 1]. Here ⇣ is the Riemann zeta function and  is the Euler
totient function. This formula indicates that, for suitably chosen weights, R1SL
rules can have a convergence rate close to O(n�1) independently of d for
functions belonging to a Sobolev space.

The Korobov function space is a space of periodic functions which are ↵ times
di↵erentiable in each variable. The parameter ↵ is known as the smoothness
parameter and characterises the rate of decay of the Fourier coe�cients of the
integrand. The norm of f in the weighted Korobov space is given by

||f ||
2
� =

X

h2Zd

Q
j2u(h) |hj|

2↵

�u(h)
|f̂(h)|2, (9)

where u(h) := {j 2 {1, . . . , d} : hj 6= 0} and f̂(h) are the Fourier coe�cients
of the integrand, given by

f̂(h) =
Z

[0,1]d
f(x)e�2⇡ih·xdx. (10)

For functions belonging to a Korobov space with smoothness ↵ the shift av-
eraged worst case error is given by
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for all � 2 (1/(2↵), 1]. The best convergence rate is obtained when � !

1/(2↵), which yields a convergence close to O(n�↵) independently of d (for
suitably chosen weights). Functions which are smooth but not periodic can
be periodized by an integral transform as described in Section 2.3. This can
improve the rate of convergence of quasi-Monte Carlo integration but may also
increase the variance (or norm) of the function, especially in high dimensions.

6

can be used on CPUs and GPUs
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after sector decomposition and expansion in !: 

→ amplitude written in terms of            finite integrals 

• dynamically set n for each integral, minimizing 

• parallelization on gpu 
• avoid reevaluation of integrals for different orders in ɛ and form factors

T =
X

integral i

ti + �

 
�2 �
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i

�2
i
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�i = ci · t�e
i

�i = error estimate (including coe�cients in amplitude)
� = Lagrange multiplier � = precision goal
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compute only once

O(10 k)
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Evaluation of amplitude

Some optimizations required to reduce run time:
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HH Amplitude Evaluation — Example

k1

p2

g

H

g

H

sector integral value error time [s] #points
5 (-1.34e-03, 2.00e-07) (2.38e-07, 2.69e-07) 0.255 1310420
6 (-1.58e-03, -9.23e-05) (7.44e-07, 5.34e-07) 0.266 1310420
. . .
41 (0.179, -0.856) (1.10e-05, 1.22e-05) 29.484 79952820
42 (0.359, -1.308) (1.40e-06, 1.58e-06) 80.24 211436900
44 (0.0752, -1.185) (5.44e-07, 6.76e-07) 99.301 282904860

1

integral value error time [s]
. . .
F1 011111110 ord0 (0.484, 4.96e-05) (4.40e-05, 4.23e-05) 11.8459
. . .
N3 111111100 k1p2k2p2 ord0 (0.0929, -0.224) (6.32e-05, 5.93e-05) 235.412
N3 111111100 1 ord0 (-0.0282, 0.179) (8.01e-05, 9.18e-05) 265.896
N3 111111100 k1p2k1p2 ord0 (0.0245, 0.0888) (5.06e-05, 5.31e-05) 282.794
N3 111111100 k1p2 ord0 (-0.00692, -0.108) (3.05e-05, 3.05e-05) 433.342

1

⇡ 700
integrals

I(s, t,m2
t ,m

2
h) = �

✓
µ2

M2

◆2"

�(3 + 2✏)M�4

✓
A�2

✏2
+

A�1

✏1
+A0 +O(✏)

◆

}
p
s = 327.25GeV,

p
�t = 170.05GeV, M2 = s/4

contributing integrals:

sector decomposition
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HJ Numerical Stability & Run Time
numerical evaluation of virtual amplitude:  
• precision goal: 0.5% for each form factor 
• wall-clock limit: 2d GPU-time (Tesla K20X GPUs)

accuracy reached for       :  
• better than per-mill  
 for most points below  

• region                   numerically challenging 

|M|2
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HJ Numerical Stability & Run Time
numerical evaluation of virtual amplitude:  
• precision goal: 0.5% for each form factor 
• wall-clock limit: 2d GPU-time (Tesla K20X GPUs)

accuracy reached for       :  
• better than per-mill  
 for most points below  

• region                   numerically challenging 

|M|2
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improved basis choice

• use finite integrals with 
 → possibly better convergence 

• avoid poles in sectors with large #prop 
• prefer basis with simple, factorizing denom. 
➡ reduced median runtime  15h  →  <2h 
➡ reduced size of code for coefficients  
➡ avoid spurious poles & cancellations 

exponent(F) = �1
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Phase-Space Integration

Phase-space integration of virtual corrections:
•  generate unweighted events based on differential LO cross section  
 → nearly perfect importance sampling for evaluating total cross section 

•  for HJ: include additional pT-dependent reweighing factor  
 enhances number of events in tail of distribution, reducing their weight

Evaluation of virtual amplitude very slow 
→ good sampling of phase space required

O(1 k)
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Only          virtual amplitude results required



HJ and HH production at NLO QCD

• Introduction 

• Details of calculation 

• Results 

- HJ @ NLO 

- HH @ NLO 

- … and beyond

Overview



HJ Results — Total cross section

3

where the sum runs over all final state partons i. This
scale is known to give a good convergence of the pertur-
bative expansion and stable di↵erential K-factors (ratio
of NLO to LO predictions) in the e↵ective theory [68].
To estimate the theoretical uncertainty we vary indepen-
dently µF and µR by factors of 0.5 and 2, and exclude
the opposite variations. The total uncertainty is taken
to be the envelope of this 7-point variation.

To better highlight the di↵erences arising from the two-
loop massive contributions, we compare the new results
with full top-quark mass dependence, which we label as
“full theory result” or simply “full” in the following, to
two di↵erent approximations. In addition to predictions
in the e↵ective theory, which are referred to as HEFT in
the following, we show results in which everything but
the virtual amplitudes is computed with full top-quark
mass dependence. In this latter case only the virtual
contribution is computed in the e↵ective field theory and
reweighted by the full theory Born amplitude for each
phase space point. Following Ref. [69] we call this predic-
tion “approximated full theory” and label it as FTapprox

from now on.
We start by presenting the total cross sections, which

are reported in Table I. For comparison we present re-
sults also for the HEFT and FTapprox approximations.

Theory LO [pb] NLO [pb]

HEFT: �LO = 8.22+3.17
�2.15 �NLO = 14.63+3.30

�2.54

FTapprox: �LO = 8.57+3.31
�2.24 �NLO = 15.07+2.89

�2.54

Full: �LO = 8.57+3.31
�2.24 �NLO = 16.01+1.59

�3.73

Table I. Total cross sections at LO and NLO in the HEFT and
FTapprox approximations and with full top-quark mass depen-
dence. The upper and lower values due to scale variation are
also shown. More details can be found in the text.

Together with the prediction obtained with the central
scale defined according to Eq. (1) we show the upper and
lower values obtained by varying the scales. While at LO
the top-quark mass e↵ects lead to an increase of 4.3%, at
NLO this increase is of the order of 9% compared to the
HEFT approximation, and there is an increase of about
6% in the total NLO cross section when comparing the
FTapprox result with the full theory one. It is important
to keep in mind that when taking into account massive
bottom-quark loop contributions, the interference e↵ects
are sizable and cancel to a large extent the increase in the
total cross section observed here between the HEFT and
the full theory results (see e.g. the results in Ref. [13]).
Note, however, that the bottom-quark mass e↵ects at
LO are of the order of 2% or smaller above the top quark
threshold.

Considering more di↵erential observables, it is well
known that very significant e↵ects due to resolving the
top-quark loop are displayed by the Higgs boson trans-

Figure 1. Higgs boson transverse momentum spectrum at LO
and NLO in QCD in HEFT and with full top-quark mass de-
pendence. The upper panel shows the di↵erential cross sec-
tions, in the middle panel we normalize all distributions to
the LO HEFT prediction and in the lower panel we show the
di↵erential K-factors for both the HEFT and the full theory
distributions. More details can be found in the text.

verse momentum distribution, which is softened for larger
values of pt,H by the full top-quark mass dependence. By
considering the high energy limit of a point-like gluon-
gluon Higgs interaction and one mediated via a quark
loop it is possible to derive the scaling of the squared
transverse momentum distribution d�/dp

2

t,H [70, 71],
which drops as (p2t,H)

�1 in the e↵ective theory, and goes
instead as (p2t,H)

�2 in the full theory. This fact was shown
to hold numerically at LO for up to three jets in Ref. [13].
It is interesting to verify this also after NLO QCD cor-
rections are applied. To do so, in Figure 1 we show the
transverse momentum spectrum of the Higgs boson at
LO and NLO in the HEFT approximation and with the
full top-quark mass dependence.

In the upper panel we display each di↵erential distri-
bution with the theory uncertainty band originating from
scale variation. To highlight the di↵erent scaling in pt,H,
in the middle panel we normalize all the distributions to
the LO curve in the e↵ective theory. It is thus possible
to see that for low transverse momenta the full theory
predictions overshoot slightly the e↵ective theory ones.
For pt,H > 200 GeV the two predictions start deviating
more substantially. At LO the two uncertainty bands do
not overlap any more above 400 GeV, whereas at NLO
this happens already around 340 GeV due to reduction of
the uncertainty at this order. The logarithmic scale also
allows to see that the relative scaling behavior within
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3

where the sum runs over all final state partons i. This
scale is known to give a good convergence of the pertur-
bative expansion and stable di↵erential K-factors (ratio
of NLO to LO predictions) in the e↵ective theory [68].
To estimate the theoretical uncertainty we vary indepen-
dently µF and µR by factors of 0.5 and 2, and exclude
the opposite variations. The total uncertainty is taken
to be the envelope of this 7-point variation.

To better highlight the di↵erences arising from the two-
loop massive contributions, we compare the new results
with full top-quark mass dependence, which we label as
“full theory result” or simply “full” in the following, to
two di↵erent approximations. In addition to predictions
in the e↵ective theory, which are referred to as HEFT in
the following, we show results in which everything but
the virtual amplitudes is computed with full top-quark
mass dependence. In this latter case only the virtual
contribution is computed in the e↵ective field theory and
reweighted by the full theory Born amplitude for each
phase space point. Following Ref. [69] we call this predic-
tion “approximated full theory” and label it as FTapprox

from now on.
We start by presenting the total cross sections, which

are reported in Table I. For comparison we present results
also for the HEFT and FTapprox approximations.

Theory LO [pb] NLO [pb]

HEFT: �LO = 8.22+3.17
�2.15 �NLO = 14.63+3.30

�2.54

FTapprox: �LO = 8.57+3.31
�2.24 �NLO = 15.07+2.89

�2.54

Full: �LO = 8.57+3.31
�2.24 �NLO = 16.01+1.59

�3.73

Table I. Total cross sections at LO and NLO in the HEFT and
FTapprox approximations and with full top-quark mass depen-
dence. The upper and lower values due to scale variation are
also shown. More details can be found in the text.

Together with the prediction obtained with the central
scale defined according to Eq. (1) we show the upper and
lower values obtained by varying the scales. While at LO
the top-quark mass e↵ects lead to an increase of 4.3%, at
NLO this increase is of the order of 9% compared to the
HEFT approximation, and there is an increase of about
6% in the total NLO cross section when comparing the
FTapprox result with the full theory one. It is important
to keep in mind that when taking into account massive
bottom-quark loop contributions, the interference e↵ects
are sizable and cancel to a large extent the increase in the
total cross section observed here between the HEFT and
the full theory results (see e.g. the results in Ref. [13]).
Note, however, that the bottom-quark mass e↵ects at
LO are of the order of 2% or smaller above the top quark
threshold.

Considering more di↵erential observables, it is well
known that very significant e↵ects due to resolving the
top-quark loop are displayed by the Higgs boson trans-
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Figure 1. Higgs boson transverse momentum spectrum at LO
and NLO in QCD in HEFT and with full top-quark mass de-
pendence. The upper panel shows the di↵erential cross sec-
tions, in the middle panel we normalize all distributions to
the LO HEFT prediction and in the lower panel we show the
di↵erential K-factors for both the HEFT and the full theory
distributions. More details can be found in the text.

verse momentum distribution, which is softened for larger
values of pt,H by the full top-quark mass dependence. By
considering the high energy limit of a point-like gluon-
gluon Higgs interaction and one mediated via a quark
loop it is possible to derive the scaling of the squared
transverse momentum distribution d�/dp

2

t,H [70, 71],
which drops as (p2t,H)

�1 in the e↵ective theory, and goes
instead as (p2t,H)

�2 in the full theory. This fact was shown
to hold numerically at LO for up to three jets in Ref. [13].
It is interesting to verify this also after NLO QCD cor-
rections are applied. To do so, in Figure 1 we show the
transverse momentum spectrum of the Higgs boson at
LO and NLO in the HEFT approximation and with the
full top-quark mass dependence.

In the upper panel we display each di↵erential distri-
bution with the theory uncertainty band originating from
scale variation. To highlight the di↵erent scaling in pt,H,
in the middle panel we normalize all the distributions to
the LO curve in the e↵ective theory. It is thus possible
to see that for low transverse momenta the full theory
predictions overshoot slightly the e↵ective theory ones.
For pt,H > 200 GeV the two predictions start deviating
more substantially. At LO the two uncertainty bands do
not overlap any more above 400 GeV, whereas at NLO
this happens already around 340 GeV due to reduction of
the uncertainty at this order. The logarithmic scale also
allows to see that the relative scaling behavior within

HEFT and full theory predict different 
scaling of d�/dp2T
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mass effects compared to FTapprox

• FTapprox and full theory predict same shape of pT distribution 
• nearly constant increase of ~8% due to top mass in virtual contribution
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Figure 2. Higgs boson transverse momentum spectrum at
LO and NLO in QCD with full top-quark mass dependence
compared with the NLO predictions in FTapprox. The upper
panel shows the di↵erential cross sections, in the middle panel
we normalize all distributions to the LO prediction and in the
lower panel we show the di↵erential ratio between the NLO
FTapprox predictions and the full theory ones. More details
can be found in the text.

the two theory descriptions is preserved between LO and
NLO. The curves in the lowest panel of Figure 1 show
the di↵erential K-factor in HEFT and in the full theory.
In both cases above 150 GeV they become very stable
and amount to about 1.95 and 2.2 respectively. Thus the
NLO corrections are large also in the full theory. This
broadly agrees with the conclusions of Ref. [27], where
the expanded result showed a similar enhancement of the
K-factor by about 6% in the tail compared to the HEFT.

To conclude this section we compare the new predic-
tions for the Higgs boson transverse momentum with the
one in FTapprox. At LO the two predictions are iden-
tical by construction, it is however interesting to check
how good FTapprox can reproduce the full theory results.
In the main panel of Figure 2 we plot the three curves.
To highlight better the di↵erences among the two predic-
tions, in the middle panel we normalize the distributions
to the LO prediction. This allows to compare the two
di↵erential K-factors, which behave very similarly over
the full kinematical range. As already observed in the
case of double Higgs boson production [49], the scale un-
certainty band of the full theory predictions is slightly
reduced compared to the one in FTapprox. In order to
quantify the di↵erence between the two predictions, in
the lower panel we display the ratio of the Full NLO
curve to the FTapprox NLO curve. This allows to see that

the full top-quark mass virtual contribution enhances the
predictions obtained by reweighting the HEFT virtual by
an almost constant factor of about 8%.

CONCLUSIONS AND OUTLOOK

In this letter we have presented for the first time NLO
QCD corrections to Higgs boson plus jet production re-
taining the full top-quark mass dependence. We observe
that the size of the NLO corrections is large but, for our
choice of the renormalization and factorization scale, the
K-factor is approximately constant above the top-quark
threshold. Compared to FTapprox predictions, the full
two-loop contribution enhances the NLO predictions by
about 6% at the level of the total cross section and by
about 8% at the level of the di↵erential transverse mo-
mentum distribution for pt,H & 200 GeV. Despite a com-
pletely di↵erent pt scaling, the K-factors in the HEFT
and in the full theory behave in a very similar way above
200 GeV.

The result removes the theoretical uncertainty on dif-
ferential H+ 1 jet distributions due to the unknown top
mass corrections at NLO in QCD. Besides the transverse
momentum distribution, shown here, this calculation en-
ables accurate predictions to be made also for other ob-
servables where the top-quark mass e↵ects may play a
significant role.

As the experimental precision at the LHC improves in
the coming years, this result aids the study of the Higgs
boson properties also in boosted regimes. Providing a
more accurate theoretical description of the Higgs bo-
son production at large transverse momentum allows not
only to unravel the details of the electroweak symmetry
breaking mechanism, but also to search for indirect signs
of New Physics.
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them, we employed the recent calculation of the
two-loop scattering amplitudes for all relevant
partonic channels [13] where an expansion in
mt/p? was performed. The real emission cor-
rections where computed with the Openloops

[19] program. We have found that the QCD
corrections to the Higgs boson transverse mo-
mentum distribution increase the leading or-
der result by almost a factor of two. However,
their magnitude appears to be quite similar
to the QCD corrections computed in the ap-
proximation of a point-like Higgs-gluon vertex;
the di↵erence of the two result is close to five
percent. Our computation removes the ma-
jor theoretical uncertainty in the description
of the Higgs boson transverse momentum dis-
tribution at high p? and opens a way to a re-
fined analysis of the sensitivity of this observ-
able to BSM contributions using existing [12]
and forthcoming experimental measurements.
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Figure 1: The one-loop Feynman diagrams that contribute to the quark-loop induced processes
gg → Hg and qg → Hq.

in Eq.(2.1) assuming that the Higgs boson mass and the top quark mass are smaller than all
other kinematic invariants.

We start by defining the Mandelstam variables

s = (p1 + p2)
2 , t = (p1 + p3)

2 , u = (p2 + p3)
2 , s+ t+ u = m2

h. (2.2)

We trade four dimensionful Mandelstam variables for a dimensionful variable s and three
dimensionless variables

η = −
m2

h

4m2
t

, κ = −
m2

t

s
, z =

u

s
. (2.3)

In the large transverse momentum region and in the limit of a small Higgs mass the following
hierarchy of scales applies

m2
h, m

2
t ≪ |s| ∼ |t| ∼ |u| → |η|, |κ| ≪ 1, |z| ∼ 1. (2.4)

For the top quark and Higgs boson with massesmt ∼ 173 GeV andmh ∼ 125 GeV respectively,
|η| ∼ 0.13 and can be treated as a small parameter.

A Euclidean region where all Mandelstam variables s, t or u are negative does not exist
since |m2

h| = |s+ t+ u| ≪ |s|, |t|, |u| in the kinematic region that is of interest to us. At least
one of the Mandelstam variables has to be positive and without loss of generality we choose t
to be positive and s, u negative. Furthermore we will compute our amplitudes initially in the
region where m2

h < 0 and m2
t > 0, in other words the parameters will satisfy

0 < η ≪ 1 , 0 < κ≪ 1 , 0 < z , s < 0 . (2.5)

If we analytically continue to the region where m2
h > 0, our results will represent the physical

scattering processes

g(−p1) + g(−p3) → H(−p4) + g(p2)

q̄(−p1) + g(−p3) → H(−p4) + q̄(p2) . (2.6)

All other production channels can be found from crossing and analytic continuation of the
computed amplitudes in the region specified in Eq. (2.5), as we will describe in Section 4. Note
that because the Euclidean region does not exist, all the amplitudes have explicit imaginary
parts.

3

expansion in O(⌘01)
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Results: Different Scale Choices
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With fixed scale                has different shape to full theory 
(overestimates tail)

FTapprox
<latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit>

Results obtained using a fixed scale µ = mH
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• NLO results in good agreement 
• different shape of LO result → phase-space dependent K-factor 
• FTapprox overestimates cross section in tail
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Ongoing Work

Preliminary

Starting to look at other distributions… 
Basis change improves numerical stability of invariant mass distribution

Note:  
• Produced with fairly low statistics (817 points) 
• No scale variations yet

invariant mass         of Higgs jet systemmHj
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• K-factor decreases for large invariant masses 
• large cancellations of real and virtual corrections in tail 
→ obtaining stable results challenging



HJ and HH production at NLO QCD

• Introduction 

• Details of calculation 

• Results 

- HJ @ NLO 

- HH @ NLO 

- … and beyond

Overview



HH production — approximated results
approximated of 2-loop integrals:

• expansion in small mt Davies, Mishima, Steinhauser 18 
so far only expansion of planar integrals  

• expansion in small mH Xu, Yang 18 
so far only individual integrals

p2
T
+m2

H
 ŝ

4
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Figure 7: The real part (left two plots) and the imaginary part (right two plots) of the order
ϵ−1 and ϵ0 coefficient of the two-loop integral I1,1,1,1,1,1,1,0,0 in topology E as a function of the
Higgs boson transverse momentum pT with

√
s = 500 GeV. The integral has been multiplied

by m6
t to make it dimensionless.

Finally, we stress that although in this subsection we only studied the behavior of a single
integral, similar behavior is expected for the full amplitude. This has been verified at the
one-loop level. At the two-loop level, this can only be done with the results for topology F,
which is the subject of the next subsection.

3.3 Towards a solution for topology F

Topology F is the most difficult one as the differential equations for the master integrals cannot
be transformed into a canonical form. The first place where this shows up is the 6-propagator
sub-topology depicted in Figure 9 (which has been discussed in [59]). We denote the 6-
propagator master integrals as f⃗(µ, ϵ), and collect the master integrals with fewer propagators
in g⃗(µ, ϵ), where µ = −4m2

t/s as before. Then the differential equation satisfied by f⃗(µ, ϵ) can

17

approximated of 2-loop amplitude:

Xu, Yang 18

• Padé approximation Gröber, Maier, Rauh 17 
includes heavy top expansion  
& threshold logarithms 

• Expansion in             
Bonciani, Degrassi, Giardino, Gröber 18
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FIG. 2: Finite part of the virtual corrections as a function of
the invariant mass of the two Higgs system. The pink points
are extracted with the interpolation function from [50]. The
dotted light blue points correspond to reweighted HEFT [51].
The solid lines are the respective orders in our calculation.
We do not show O((p2T + m

2
h)

3) as the line lies perfectly on
top of the one of O((p2T +m

2
h)

2).

result stemming from the interpolation.

CONCLUSION

In this letter we have proposed a novel approach for the
analytical computation of the NLO virtual corrections to
Higgs pair production through gluon fusion. This me-
thod, based on a expansion for small p2T , allows us to
describe accurately the region ŝ . 750 GeV that until
now has been explored only numerically. In particular
we showed that a few terms in the expansion already
reproduce the full LO within 10�3, in the region of in-
terest. At NLO we find excellent agreement already at
O(p2

T
+m

2
h
) comparing to the full result of [30]. We re-

mark that this method is general and can be useful for
the analytic computation of radiative corrections to other
fundamental processes for the physics programme of the
LHC.
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Figure 4: Topologies relevant to the NLO QCD corrections to Higgs boson pair produc-
tion after expansion in the small mh limit. The thick lines represent massive propagators
(top quarks), while the thin lines represent massless propagators (gluons). The external legs
(dashed lines) are all light-like.

dependent integrals

I{ai}(s, t,m
2
t , m

2
h, ϵ) =

[

16π2

i

(
m2

t

4π

)ϵ

Γ(1 + ϵ)

]2 ∫
ddk1
(2π)d

ddk2
(2π)d

9
∏

i=1

1

Dai
i

, (16)

where k1 and k2 are loop momenta, and {ai} denotes the collection of powers ai on the
propagators Di. We then define

Ĩ{ai}(s, t,m
2
t , ϵ) = lim

m2
h→0

I{ai}(s, t,m
2
t , m

2
h, ϵ) , (17)

which are the main objects to be calculated in this section. The 4 relevant integral families
are defined by their corresponding propagators as the following:

A :
{

k2
1 −m2

t , (k1 + p1)
2 −m2

t , (k1 + p1 + p2)
2 −m2

t , (k1 + k2)
2, k2

2 −m2
t ,

(k2 − p3)
2 −m2

t , (k2 − p1 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 + p3)
2 −m2

t

}

,

B :
{

k2
1, (k1 + p1)

2, (k1 + p1 + p2)
2, (k1 + k2)

2 −m2
t , k

2
2 −m2

t ,

(k2 − p3)
2 −m2

t , (k2 − p1 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 + p3)
2
}

,

E :
{

k2
1, (k1 + p1)

2, (k1 + k2)
2 −m2

t , k
2
2 −m2

t , (k2 − p3)
2 −m2

t ,

(k2 − p1 − p2)
2 −m2

t , (k1 + k2 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 − p3)
2
}

,

F :
{

(k1 − p1)
2, k2

1, (k1 + p2)
2, (k1 + k2 − p1)

2 −m2
t , k

2
2 −m2

t , (k2 − p3)
2 −m2

t ,

(k2 − p1 − p2)
2 −m2

t , (k1 + k2 + p2 − p3)
2 −m2

t , (k1 − p3)
2, (k2 − p1)

2 −m2
t

}

. (18)

Integrals in each of these families can be reduced to a set of master integrals. For that purpose
we employ the program packages FIRE5 [46] and LiteRed [48]. We find 29 master integrals in
topology A, 32 for topology B, 54 for topology E, and 37 for topology F.

9



HH results — fixed order NLO

0.00

0.05

0.10

0.15

0.20

d
�
/d

m
h
h
[f
b
/G

eV
]

LO

B-i. NLO HEFT

NLO FTapprox

LO basic HEFT

NLO basic HEFT

NLO

300 400 500 600 700 800 900 1000
mhh [GeV]

0.5
1.0
1.5
2.0

K
fa

ct
or

(a) 14 TeV (b) 14 TeV, normalised

(c) 100 TeV (d) 100 TeV, normalised

Figure 5: Higgs boson pair invariant mass distribution mhh at
p

s = 14 TeV and
p

s = 100 TeV for absolute values (left panels) and normalised to the corresponding

total cross section (right panels).

boson pair invariant mass distribution mhh at
p

s = 14 TeV and
p

s = 100 TeV, com-

paring the full NLO result to various approximations. In particular, we compare to

the “basic HEFT” approximation at
p

s = 14 TeV, showing that it fails to describe

the distribution. Comparing the results at 14 TeV and 100 TeV, we observe that the

di↵erences of the full NLO result to the Born-improved HEFT and also to the FTapprox

result are amplified at 100 TeV, as expected, as the HEFT approximation does not

have the correct high energy behaviour. This scaling behaviour will be discussed more

in detail below. We also see that the K-factor is far from being uniform for the mhh

distribution, while the “basic HEFT” results suggest a uniform K-factor.
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p
s LO B-i. NLO HEFT NLO FTapprox NLO

14 TeV 19.85+27.6%
�20.5% 38.32+18.1%

�14.9% 34.26+14.7%
�13.2% 32.91+13.6%

�12.6%

100 TeV 731.3+20.9%
�15.9% 1511+16.0%

�13.0% 1220+11.9%
�10.7% 1149+10.8%

�10.0%

Table 2: Total cross sections at various centre of mass energies (in femtobarns). The

uncertainty in percent is from 7-point scale variations as explained in the text. The

central scale is mhh/2. We used mt = 173 GeV, mh = 125 GeV. The PDF set is

PDF4LHC15 nlo 100 pdfas.

3 Phenomenological results

3.1 Setup and total cross sections

We use the PDF4LHC15 nlo 100 pdfas [104–107] parton distribution functions, along

with the corresponding value for ↵s for both the NLO and the LO calculation. The

masses have been set to mh = 125 GeV, mt = 173 GeV, and the top quark width has

been set to zero. We use no cuts except a technical cut in the real radiation of pmin
T =

10�4
p

ŝ. The scale variation bands are the result of a 7-point scale variation [103]

around the central scale µ0 = mhh/2, with µR,F = cR,F µ0, where cR, cF 2 {2, 1, 0.5},

except that the extreme variations (cR, cF ) = (2, 0.5) and (cR, cF ) = (0.5, 2) are omitted.

The values we obtain for the total cross sections are shown in Table 2. The full NLO

result has a statistical uncertainty of 0.3% at 14 TeV (0.16% at 100 TeV) stemming from

the phase space integration and an additional uncertainty stemming from the numerical

integration of the virtual amplitude of 0.04% at 14 TeV and 0.2% at 100 TeV. These

uncertainties are not included in Table 2, where only scale variation uncertainties are

shown.

3.2 NLO distributions

In this section we show di↵erential distributions at
p

s = 14 TeV and
p

s = 100 TeV

for various observables and compare to the approximate results in order to assess the

e↵ect of the full top quark mass dependence at NLO. Results which are obtained within

the e↵ective field theory approach without reweighting by the leading order results in

the full theory are always denoted by “basic HEFT”, while “B-i. NLO HEFT” stands

for the Born-improved NLO HEFT result, where the NLO corrections have been cal-

culated in the mt ! 1 limit and then a reweighting factor BFT /BHEFT is applied (on

di↵erential level, BFT stands for the Born amplitude squared in the full theory).

We decided to take the same bin sizes as in Ref. [61], such that the di↵erences to the

e↵ective theory results can be exhibited most clearly. In Fig. 5 we show the Higgs
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-14% wrt. NLO HEFT 

  -4% wrt. NLO FTapprox

large top mass effects 
in high        regionmhh
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Figure 13: NLO and LO results with full top quark mass dependence for the mhh

distribution at 14 TeV and 100 TeV, for various values of the triple Higgs coupling,

where � = 1 corresponds to the Standard Model value.

However, the fact that the cross sections are much larger can be exploited to place cuts

which enlarge the sensitivity to the Higgs boson self coupling. For example, one can try

to enhance the self-coupling contribution by cuts favouring highly boosted virtual Higgs

bosons, decaying into a Higgs boson pair which could be detected in the bb̄ bb̄ channel.

A highly boosted virtual Higgs boson must recoil against a high-pT jet. Therefore,

an enhancement of the boosted component could be achieved by imposing a pmin
T,jet cut

on the recoiling jet in Higgs boson pair plus jet production [110, 111]. An additional

advantage of boosted Higgs bosons is the fact that they lend themselves to the use

of the bb̄bb̄ rather than the bb̄�� decay channel, as the decay channel into b-quarks is

accessible through boosted techniques. This leads to a gain in the rate which easily

makes up for the loss in statistics due to a high pmin
T,jet cut.

Fig. 14 shows a comparison to the di↵erent approximations for various values of �, as

well as the K-factors. For all values of �, the K-factors are far from being uniform,
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modified Higgs self-interaction 

large dependence of K-factor on  mhh
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Grid interpolation (so far only HH)
Calculation of fixed order results:

1. generate unweighted LO events 
2. evaluate virtual amplitude at these points 
3. obtain histogram of virtual contribution 
4. add real radiation (at histogram level)

Problems:
• slow (2h GPU time per phase-space point) 
• impractical for 

• combining with parton showers, etc. 
• providing results to other groups

→ provide results of virtual amplitude together with grid interpolation framework
• use pre-computed amplitude results as input 
• obtain interpolated amplitude result for arbitrary phase-space points 
• fast & can be interfaced to other codes

available at github.com/mppmu/hhgrid

http://github.com/mppmu/hhgrid


8

Monte Carlo Interface
Median 2 GPU hours per phase-space point 
Can not put directly into a Monte Carlo 
But: Virtual matrix element depends only on        (fixed              ) 
Can build 2D grid of our phase-space points and interpolate

ŝ, t̂ mT ,mH

3741 events used to construct grid for POWHEG/MG5_aMC@NLO

Parametrisation:

Choose          according to cumulative distribution function of phase 
space points used in the original calculation 
Obtain nearly uniform distribution in            unit square 

Interpolate with Clough-Tocher using the SciPy package
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ŝ�(ŝ)

���� , � =

✓
1� 4m2

H

ŝ
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Grid interpolation details (so far only HH)

Problems during construction of grid: 
• interpolation can enhance 
numerical uncertainties 

• input data not evaluated on  
equidistant grid points

 → nearly uniform distribution of phase space points in                     if               
     chosen according to cumulative distribution of points in original calculation 

(x, c✓) 2 [0, 1]2 f(�)

• input parameters

• interpolation done in 2 steps: 
1. choose equidistant grid points, estimate result at each grid point with  

least-square fit to linear function of amplitude results in vicinity 
2. Clough-Tocher interpolation (as implemented in SciPy)  

to estimate amplitude at arbitrary sampling points 
   → reduces sensitivity to uncertainties of input-data points

with

0.5 < |cos ✓| < 0.6
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Details of grid interpolation:

2-dimensional grid interpolation (ŝ, t̂)
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HH Results — Parton Shower

Heinrich, Jones, MK, Luisoni, Vryonidou 17 
see also Jones, Kuttimalai 17

combination with parton shower 
→ publicly available in PowhegBox-V2
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Figure 9: Higgs boson pair invariant mass distribution mhh and transverse momentum distribution
of a (randomly chosen) Higgs boson at

p
s = 14TeV, comparing the fixed order result with showered

results from the POWHEG-BOX.

We should mention at this point that the distributions of the “harder” (ph1
T

) and “softer”
(ph2

T
) Higgs boson, calculated at fixed (NLO) order, are somewhat infrared sensitive if no

cuts are placed on the Higgs boson transverse momenta. The reason is that, if the transverse
momenta p

h1
T

and p
h2
T

are very close to each other, the available phase space for the extra
radiation in the real corrections is severely restricted, leading to large logarithms which are
not sufficiently balanced by the 2 ! 2 contributions. To illustrate this fact, we consider the
total cross section as a function of �, with the kinematic requirements p

h1
T

� �, p
h2
T

� 0.
The cross section shows an unphysical behaviour as � ! 0, see Fig. 11: the total cross
section as a function of � peaks around � = 14 GeV and then decreases for smaller values
of �, even though the available phase space for p

h1
T

is larger. This behaviour is an artifact
of the fixed order calculation and is the reason why “symmetric cuts” (i.e. the same pT,min

values for both final state particles in a 2 ! 2 calculation at NLO) should be avoided. For a
more detailed discussion of this point we refer to Refs. [106–108]. Here we only note that
this is the reason why, with “symmetric” cuts p

h1
T,min

= p
h2
T,min

= 0 and fine binning, the first
bin(s) of the p

h1
T

distribution are negative at fixed order, while this behaviour is cured by
the Sudakov factor, so it is absent in the LHE level and showered results.

Fig. 12 displays the transverse momentum distributions of the Higgs boson pair and of
the (leading) jet. As discussed already in the context of Fig 5, the p

hh
T

distribution diverges
at fixed order for p

hh
T

! 0, while the showered result is able to provide reliable predictions
in the low p

hh
T

region. We notice that the scale variation band is reduced in the showered
result compared to the fixed order calculation. The scale uncertainties on the fixed order
results are particularly large for these distributions as they are – except for the first bin –
determined by the 2 ! 3 kinematics, which is described only at leading order accuracy by
our calculation.

In Fig. 13 we show the difference in azimuthal angle, ��hh, and the radial separation,
�R

hh =
p

(⌘1 � ⌘2)2 + (�1 � �2)2, of the two Higgs bosons. We see that the unphysical
behaviour for ��hh ! 0 of the fixed order result is cured by the Sudakov form factor, and
again the scale uncertainties of the fixed order calculation are relatively large because the
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Figure 21: phhT distribution comparing showered results with different values for hdamp in POWHEG
resp. the shower starting scale Qsh in MG5_aMC@NLO compared to the fixed order result.

One can observe that with the new shower starting scale in MG5_aMC@NLO, Qsh = Q
new
def , the

showered results match onto the fixed order curve at large values of phh
T

, while the latter
is not the case for POWHEG with hdamp=1 and MG5_aMC@NLO with the old default shower
starting scale.

4 Conclusions

We have presented the combination of the full NLO prediction for Higgs boson pair production,
including the top quark mass dependence at two loops, with a parton shower. This has
been implemented within two frameworks, POWHEG-BOX and MG5_aMC@NLO, using the same
Pythia 8.2 shower in both cases. Individual phase-space points of the two-loop amplitude,
which depends only on the two independent kinematic invariants ŝ and t̂ once the top-quark
and Higgs boson masses are fixed, have been used to create a grid and combined with an
interpolation framework, such that a value for the amplitude can be obtained at any phase
space point without re-evaluating the loop integrals.

We find that the impact of the parton shower on the transverse momentum distribution
of one Higgs boson, ph

T
, is quite small and that the features of the various approximations

that have appeared previously in the literature are preserved by the shower.
The impact of the shower on the p

hh
T

, ��hh and �R
hh distributions is fairly large, as

these are the distributions where the tail is predicted at the first non-trivial order in the fixed
order calculation. In the tail of the p

hh
T

distribution, around p
hh
T

⇠ 400GeV, the showered
NLO results are larger than the fixed order results by more than a factor of two, within both
POWHEG and MG5_aMC@NLO. This feature is also present if Pythia 6 is used instead of Pythia
8, and if we vary the shower starting scale in MG5_aMC@NLO. However, the differences due to
the shower in the p

hh
T

distribution are still much smaller than the discrepancy between the
showered full calculation and the showered Born-improved HEFT approximation, the latter
overshooting the full result by an order of magnitude around p

hh
T

⇠ 400GeV, worsening
towards higher p

hh
T

values. As expected, the FTapprox results, which include the full mass
dependence in the real radiation, behave very similar to the full calculation in the (real
radiation dominated) tails of the distributions like p

hh
T

.
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Figure 21: phhT distribution comparing showered results with different values for hdamp in POWHEG
resp. the shower starting scale Qsh in MG5_aMC@NLO compared to the fixed order result.

One can observe that with the new shower starting scale in MG5_aMC@NLO, Qsh = Q
new
def , the

showered results match onto the fixed order curve at large values of phh
T

, while the latter
is not the case for POWHEG with hdamp=1 and MG5_aMC@NLO with the old default shower
starting scale.

4 Conclusions

We have presented the combination of the full NLO prediction for Higgs boson pair production,
including the top quark mass dependence at two loops, with a parton shower. This has
been implemented within two frameworks, POWHEG-BOX and MG5_aMC@NLO, using the same
Pythia 8.2 shower in both cases. Individual phase-space points of the two-loop amplitude,
which depends only on the two independent kinematic invariants ŝ and t̂ once the top-quark
and Higgs boson masses are fixed, have been used to create a grid and combined with an
interpolation framework, such that a value for the amplitude can be obtained at any phase
space point without re-evaluating the loop integrals.

We find that the impact of the parton shower on the transverse momentum distribution
of one Higgs boson, ph

T
, is quite small and that the features of the various approximations

that have appeared previously in the literature are preserved by the shower.
The impact of the shower on the p

hh
T

, ��hh and �R
hh distributions is fairly large, as

these are the distributions where the tail is predicted at the first non-trivial order in the fixed
order calculation. In the tail of the p

hh
T

distribution, around p
hh
T

⇠ 400GeV, the showered
NLO results are larger than the fixed order results by more than a factor of two, within both
POWHEG and MG5_aMC@NLO. This feature is also present if Pythia 6 is used instead of Pythia
8, and if we vary the shower starting scale in MG5_aMC@NLO. However, the differences due to
the shower in the p

hh
T

distribution are still much smaller than the discrepancy between the
showered full calculation and the showered Born-improved HEFT approximation, the latter
overshooting the full result by an order of magnitude around p

hh
T

⇠ 400GeV, worsening
towards higher p

hh
T

values. As expected, the FTapprox results, which include the full mass
dependence in the real radiation, behave very similar to the full calculation in the (real
radiation dominated) tails of the distributions like p

hh
T

.

– 18 –

large dependence of       on shower parameters:phhT
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→ small effects for NLO accurate observables
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HH — NNLO
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Figure 2: Higgs boson pair invariant mass distribution at NNLO for the di↵erent approximations,
together with the NLO prediction, at 14TeV (left) and 100TeV (right). The lower panels show the
ratio with respect to the NLO prediction, and the filled areas indicate the NLO and NNLOFTapprox

scale uncertainties.

harder and the softer Higgs boson (pT,h1 and pT,h2, Figs. 6 and 7), and the azimuthal separation
between the two Higgs bosons (��hh, Fig. 8). For the sake of clarity, we only show the scale
uncertainty bands corresponding to the NLO and NNLOFTapprox predictions.

We start our discussion from the invariant-mass distribution of the Higgs boson pair, re-
ported in Fig. 2. We observe that the NNLOB-proj and NNLONLO-i approximations predict a
similar shape, with very small corrections at threshold, an approximately constant K-factor for
larger invariant masses, and only a small di↵erence in the normalization between them, which
increases in the 100TeV case. The NNLOFTapprox, on the other hand, presents a di↵erent shape,
in particular with larger corrections for lower invariant masses, a minimum in the size of the
corrections close to the region where the maximum of the distribution is located, and a slow
increase towards the tail. The di↵erent behavior of the NNLOFTapprox in the region close to
threshold is more evident at 100TeV, where the increase is about 30% in the first bin. Naively
we could expect that if this region is dominated by soft parton(s) recoiling against the Higgs
bosons, the Born projection and FTapprox should provide similar results. We have investigated
the origin of this di↵erence, and we find that in the region Mhh ⇠ 2Mh the cross section is actu-
ally dominated by events with relatively hard radiation recoiling against the Higgs boson pair
(for example, at

p
s = 100TeV, the average transverse momentum of the Higgs boson pair in

the first Mhh bin is pT,hh ⇠ 100GeV at NLO). In this region the exact loop amplitudes behave
rather di↵erently as compared to the amplitudes evaluated in the HEFT: As the production
threshold is approached, they go to zero faster than in the mass-dependent case, thus explain-
ing the di↵erences we find. Within the NNLOFTapprox, the corrections to the Mhh spectrum
range between 10% and 20% at 14TeV. The scale uncertainty is substantially reduced in the
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p
s 13 TeV 14 TeV 27 TeV 100 TeV

NLO [fb] 27.78 +13.8%
�12.8% 32.88 +13.5%

�12.5% 127.7 +11.5%
�10.4% 1147 +10.7%

�9.9%

NLOFTapprox [fb] 28.91 +15.0%
�13.4% 34.25 +14.7%

�13.2% 134.1 +12.7%
�11.1% 1220 +11.9%

�10.6%

NNLONLO�i [fb] 32.69 +5.3%
�7.7% 38.66 +5.3%

�7.7% 149.3 +4.8%
�6.7% 1337 +4.1%

�5.4%

NNLOB�proj [fb] 33.42 +1.5%
�4.8% 39.58 +1.4%

�4.7% 154.2 +0.7%
�3.8% 1406 +0.5%

�2.8%

NNLOFTapprox [fb] 31.05 +2.2%
�5.0% 36.69 +2.1%

�4.9% 139.9 +1.3%
�3.9% 1224 +0.9%

�3.2%

Mt unc. NNLOFTapprox ±2.6% ±2.7% ±3.4% ±4.6%

NNLOFTapprox/NLO 1.118 1.116 1.096 1.067

Table 1: Inclusive cross sections for Higgs boson pair production for di↵erent centre-of-mass
energies at NLO and NNLO within the three considered approximations. Scale uncertain-
ties are reported as superscript/subscript. The estimated top quark mass uncertainty of the
NNLOFTapprox predictions is also presented. The uncertainties due to the qT -subtraction and
the numerical evaluation of the virtual NLO contribution are both at the per mille level.

NNLOFTapprox, i.e. by about a factor of three. This reduction of the scale uncertainties is
stronger as we increase the collider energy, being close to a factor of five at 100TeV.

As is well known, scale uncertainties can only provide a lower limit on the true perturbative
uncertainties. In particular, from Table 1 we see that the di↵erence between the NNLO and
NLO central predictions is always larger than the NNLO scale uncertainties (although within
the NLO uncertainty bands). In any case, the strong reduction of scale uncertainties, together
with the moderate impact of NNLO corrections, suggests a significant improvement in the
perturbative convergence as we move from NLO to NNLO.

It is also worth mentioning that the three approximations have a di↵erent behaviour withp
s. For instance at 100TeV, the increase with respect to the NLO prediction for the NNLOB-proj

and NNLONLO-i approaches is 23% and 17%, respectively, values that are close to the ones for
14TeV (20% and 18%, respectively). By contrast, the NNLOFTapprox result increases the NLO
prediction by 7% at 100TeV, i.e. the correction is smaller by almost a factor of two than
at 14TeV (12%), which also means a larger separation with respect to the other two NNLO
approximations. The smaller size of the NNLO corrections in the FTapprox at higher energies
is also consistent with the observed reduction of scale uncertainties.

As was mentioned already in Section 2.2, the NNLOFTapprox result is expected to be the most
accurate one among the approximations studied in this work, and therefore it is considered to
be our best prediction. In order to estimate the remaining uncertainty associated with finite top
quark mass e↵ects at NNLO, we start by considering the accuracy of the FTapprox approximation
at NLO. At 14TeV the NLO FTapprox result (see Table 1) overestimates the full NLO total cross
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combination with NNLO 
→ approx. mt dependence at NNLO 

(mt ! 1)
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3 different methods:
1) NNLONLO-i  

rescale NLO by KNNLO = NNLOHEFT/NLOHEFT  

2) NNLOB-proj  
project all real radiation contributions  
to Born configuration, rescale by LO/LOHEFT 

3) NNLOFTapprox  
calculate NNLOHEFT and for each multiplicity 
rescale by  

A(n)
HEFT(ij ! HH +X), we apply the reweighting

R(ij ! HH +X) =
ABorn

Full (ij ! HH +X)

A(0)
HEFT(ij ! HH +X)

, (4)

where ABorn
Full stands for the lowest order (loop-induced) squared amplitude for the corresponding

partonic subprocess, computed in the full theory.† We note that, contrary to what happens in
the Born-projected approach, here the reweighting is defined using amplitudes that correspond
to the same subprocess under consideration. Therefore, the kinematics is always preserved and
there is no need to define a Born projection. Moreover, for amplitudes that are of tree-level
type in the HEFT (as it is the case for the double-real emission contributions), this reweighting
simply implies using the exact loop-induced amplitudes with full top mass dependence. The
reweighting procedure defined by Eq. (4) agrees at NLO with the so-called FTapprox introduced
in Ref. [22], therefore we will use the same notation.

Given that the performance of the Born-projection and FT approximations was already
studied in Ref. [17] at NLO, we directly present NNLO predictions in Section 3. We point
out that, based on the ingredients entering each of the approximations, the NNLOFTapprox is
expected to be the most advanced prediction for Higgs boson pair production via gluon fusion.
By contrast, the NNLOB-proj is expected to be the less accurate, since it is based on a simple
Born level reweighting procedure. Nevertheless, and for comparison purposes, we always present
results for the three approximations described above.

2.3 Numerical stability

Before presenting our quantitative predictions, we briefly discuss the numerical stability of our
results. From the computational point of view, the most challenging of the three approaches to
incorporate mass e↵ects at NNLO is the NNLOFTapprox procedure, as it involves loop-induced
double-real contributions in the full theory. In particular the dominant gg ! hhgg amplitude
comprises computationally very challenging six-point loop integrals with internal masses. In
fact, these contributions have to be evaluated in the numerically intricate NNLO unresolved
limits and to the best of our knowledge, the present calculation is the first application of a
six-point one-loop amplitude integrated over its IR divergent unresolved limits in an NNLO
calculation.

Thanks to the numerical stability of the applied algorithms in OpenLoops together with
Collier, the bulk of the phase-space points remains stable in double precision when approach-
ing qT ! 0, even close to the dipole singularity, i.e. in the NNLO double-unresolved limits.
On average the runtime per phase space point for the gg ! hhgg amplitude is ⇠ 1 sec. In
principle OpenLoops provides a rescue system, such that remaining numerically unstable
phase-space points can be reevaluated in higher numerical precision based on reduction with

†Strictly speaking, the reweighting is applied to the finite part of the loop amplitudes. However, at one-loop
level this procedure reproduces the loop structure of the full theory.
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Conclusion

HH and HJ production at NLO QCD with full mt-dependence 
•   calculation using numerical approach 

- based on sector decomposition 
- viable alternative, if analytic results not available 
- results can be obtained without full reduction 
- numerical integration slow, but grid interpolation 
can be used for fast evaluation of virtual amplitude 

•  HH production 
- top mass effects decrease cross section by ~4% compared to FTapprox 
- size of corrections increase for large  
- results beyond fixed order NLO available: 

- interface to parton shower 
- combination with NNLOHEFT 

•  HJ production 
- top mass effects increase cross section by ~6% compared to FTapprox 

- work in progress: grid generation 
                      → combination with parton shower & NNLOHEFT
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